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ABSTRACT 
The project investigates the theory and design of varactor 
diode frequency multiplier circuits. Special consideration is given 
to multipliers which use series-tuned transmission-line cavities for 
filtering and impedance matching and an assessment is made of the 
merits of these cavities. Practical multiplier circuits are constructed 
in microstripline and are tested with the objective of verifying the 
analytical predictions. 
The theory of the series-tuned cavity ~s given and its performance 
is predicted by computer plots of the insertion loss when it is used 
between a 50-Q source and a SQ-Q load. These predicted results are 
verified on experimental series-tuned cavities in which the transmission 
lines are of two types, namely, coaxial lines and microstriplines, and 
the predictions are used in due course in the design of the multiplier 
circuits. 
A new method of analysis for frequency multiplier circuits is 
introduced in which the device equation is written in terms of a 
Chebyshev expansion. The coefficients of the terms in the device 
equation are then given by the results of a spectrum test on the 
device and this has the considerable advantage that the device law 
will include the effects of parasitics caused by the test circuit 
which will be similar to those which occur 't-7hen the device is used 
in a multiplier circuit. The method can be used to analyse both 
shunt mode and series mode multipliers and is used here on three 
particular circuits: the shunt-diode doubler, the shunt-diode 
tripler and the shunt-diode tripler with idler. Expressions are 
obtained for the power delivered to the load resistance and the 
input and output capacitances of the diode • 
....-~;,-., 
/ . ~· - I :•. \ 
The main achievement of the analysis is that it produces a method 
for finding the conditions for matching a non-linear reactive diode 
to a source and a load so that the harmonic power delivered to the 
load at the required output frequency can be maximised. Measurements 
on practical shunt-diode doublers using microstrip technology are 
reported and they indicate that the predictions given by the analysis 
of doubler circuit operation are of the correct order. The foundations 
for the design of microstrip series-tuned cavity multipliers have been 
laid and further investigations, especially with regard to multipliers 
with idlers, would be of value. 
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1.1 Introduction 
The investigation of the theory and the design of diode frequency-
multiplier circuits were the maLn objectives of this project. Such 
circuits have been developed over many years because they provided 
stable sources at VHF~ UHF~ and microwave frequencies when driven by 
crystal-controlled oscillators in the 10 MHz to 100 MHz range. As a 
particular example there is a need for a stable 12-GHz microwave source 
which can be used as the local oscillator of an 11-GHz receiver. At 
the present time 11-GHz receivers are required for the reception of 
television signals from satellites and a receiver having a local 
oscillator driven from a crystal-controlled source would have 
advantages in terms of cost and performance over alternative systems. 
In the last five years there have been developments with crystal 
oscillators which utilize surface acoustic waves (SAW) at frequencies 
around 1 GHz and it is possible that one of these circuits could be 
used in the proposed 12-GHz source. A multiplier chain of two doublers 
and a tripler, for example, would then be required to multiply from 
1 GHz up to 12 GHz. 
Basically, multiplier circuits consist of a non-linear element 
which is energised at a particular frequency. As a result, harmonics 
of the input fundamental frequency are generated in the non-linear 
element and a particular component of the spectrum is then selected 
by a filter and delivered to the load. In order to obtain highly 
efficient multiplier circuits variable reactance diodes are normally 
used as the non-linear elements. Although transistor frequency 
multipliers are presently used extensively, .especially in the UHF 
range, they will not be investigated here. A very important part of 
the multiplier circuit is the microwave filter necessary for extraction 
(lD) 
of the reqmred haTm.ooic and the type selected fox U$e 1..n this project 
is the se::ries~tuned transmission-line cavity. The analysis of this 
type of filter is dealt 't-rith in Chapter 2 and its performance is 
predicted by a number of comp~ter-plotted graphs. The design and 
testing of practical series=tuned cavitie~ is reported in Chapter 3 
mn.ich abo gives the COC!!parisoo of the advantages of the roo types 
of transmission line wnicn were used~ namely~ the coaxial line and 
the microstrip line. 
The analysis of freq1rency mnltipliers is usmally based on the 
characteri3tic of the non-linear diode. The new approach presented 
·here is to write the diode equation in terms of the harmonic spectrum 
generated ~ithin it under specified test conditions. This has the 
considerable advantage that the device la'!oJ will then inclmde the 
effects of parasitics wnicn will oe reflected in the harmonic spectrum. 
When the diode is embedded in a multiplier circuit it is to be ensured 
that the parasitic elements will be very similar to those in the test 
circuit. This method of analysis is developed in Chapter 4 and it 
is used to predict the performance of several multiplier circuits 
with the resmlts as reported in Chapters 4 and 5. 
It was initially thought that the coaxial cavity ~auld be used in 
the construction of most of the multiplier circuits because it was 
easily-tuned by mechanical means. However P the fact that micros trip line 
multipliers could be produced much more easily, quickly and cheaply led 
to this type of circuit being used almost exclusively in the development 
of the practical multipliers. Microstrip lines are, of course, presently 
being used widely in commercial microwave integrated circuits for the 
o same reasons. The problem of tuning the microstrip line cavity was 
satisfactorily solved as reported in Chapter 6 which gives details of 
the design and testing of the practical multiplier circuits .• 
(11) 
In conclusion the objectives may be summarized as follo~s: 
(a) the analysis of the operation of the series-tuned cavity so 
that its performance as a filter may be predicted, 
(b) the design, construction and testing of practical series-
tuned cavities to verify the predicted performance and to 
prepare for the use of these cavities in multiplier circuits, 
(c) the analysis of diode multiplier circuits where the device 
characteristic is written in terms of the harmonic spectrum 
generated by the diode under specified test conditions. The 
input and output impedances of the non-linear circuit are to 
be investigated to find the conditions for maximum power 
transfer, 
and 
(d) the design, construction and testing of practical diode multiplier 
circuits using series-tuned cavities as input and output filters. 
The circuits will be tested to verify the results predicted by 
the theoretical analysis. 
(12) 
1.2 Historical Review 
In the early nineteen fifties the semiconductor diode began to 
be used as a voltage-controlled capacitor in applications such as 
the automatic control of the resonant frequency of tuned circuits. 
As semiconductor technology improved a special type of diode was 
developed for this purpose and was given the name "varactor diode" 
'Which is a con traction of the words "variable" and "reactor". The 
varactor diode soon found many other applications in the microwave 
frequency range, for example, in parametric amplifiers, frequency 
converters, mixers, modulators, and frequency multipliers. 
Interest in the use of the varactor as a frequency multiplier 
was stimulated by a paper by MANLEY and ROWE (Reference 20, 1956)_ 
which led to the prediction that a varactor with negligible parasitic 
resistance should be 100% efficient as a frequency multiplier. The 
performance of a varactor is degraded by a parasitic series resistance 
which was first investigated by UHLIR (Reference 41, 1958) who suggested 
a simple equivalent circuit consisting of a resistance in series with a 
non-linear capacitance. In another important paper PAGE (Reference 28., 
1958) showed that the maximum efficiency obtainable when generating the 
2 
nth harmonic in a non-linear resistance cannot exceed 1/n • 
Towards the end of the nineteen fifties varactor diode frequency 
multipliers were being extensively investigated and many circuit 
analyses have been presented since that time. A major contribution 
was contained in the book by PENFIELD and RAFUSE (Reference 29, 1962) 
who gave computed results for multipliers using abrupt-junction varactors 
with and without idlers. Their analyses assumed that the varactor was 
not over-driven, ~.e. not driven into forward conduction. A similar 
treatment is given by LEESON and WEINREB (Reference 18, 1959) who 
(13) 
analysed frequency multiplier circuits for small signals by using a 
Taylor Series expansion about the operating point for the non-linear 
Q~V relationship. They extended the analysis to apply to large 
signals as the harmonics generated are of small amplitude relative 
to the fundamental drive. In 1965 SCANLAN and LAYBOURN (References 
33~ 34) analysed varactor multipliers with and without idlers and 
one of their conclusions was that a cascade of two doublers would be 
more efficient than a single times-four multiplier with idler. This 
result applied before it was realised that over-driving the varactor 
could produce higher output powers at higher efficiencies and for 
higher orders of multiplication. 
A further development was the invention of the step-recovery 
diode which can conduct a large reverse current for a brief time 
imm2diately following forward conduction. The reverse current then 
ceases abruptly and the result is that considerable power can be 
generated at the harmonics of the input current frequency. The step-
recovery diode has a doping profile which is not abrupt at the junction 
and some diodes of this type are known as "graded-junction varactors". 
The extension of multiplier circuit analyses to cover the cases 
of graded-junction varactors and step-recovery diodes in circuits where 
the diodes were driven into the conducting state started with BURCKHARDT 
(Reference 04, 1965) with a complete numerical solution for a variety of 
circuits. A publication by SCANLAN and LAYBOURN (Reference -35, 19.6J) 
concluded that operation ~n the over-driven mode, especially when using 
the characteristic attributed to a step-recovery diode resulted in a 
much higher efficiency which is defined as the ratio of output power 
to power available from the source. 
(14.) 
HAMILTON and HALL (Reference 09, 1967) published the first 
complete account of the operation of multipliers using step-
recovery diodes (SRD) switching between forward conduction and the 
reverse~bias condition. The circuits used at that time were mainly 
of the coaxial cavity and waveguide cavity type but since then strip-
line and microstrip filters have been increasingly used in multiplier 
circuits. The analysis of the SRD multiplier uses the equivalent 
circuit of KOTZEBUE (Reference 14, 19651 which is based upon the 
physical theory of the operation of the SRD given by MOLL, KRAKAUER 
and SEEN (Reference 24, 1962). An alternative approaCh by GARDINER 
and WAGIEALLA (Reference 08, 19J3) represented the step recovery 
effect as a charge-controlled switcli which allowed the device to be 
represented as a time-varying element thus permitting the application 
of linear circuit theory. 
The design of step-recovery multipliers using coaxial cavities 
has been given in various application notes (References 10, 26). A 
multiplier using microstrip output filters is described by ACCATINO 
and ANGELUCCI (Reference 01, 1979) ~·lith an output powe~ of about 20 d.Bm 
at a frequency of 12.948 GHz. It is expected that output powers of 
this order will be obtained from the circuits investigated in this 
project. 
Recently avalanche diodes have been investigated in frequency 
multiplication circuits and high order multiplication has been achieved. 
Multiplication from 1 GHz to 35 GHz with an output power of 250 mW and 
conversion loss of 13 dB has been claimed by ROLLAND et al (Reference 
31, 1973) us~ng silicon avalanche diodes, and GaAs diodes were used by 
KRAMER et al (Reference 15, 1976) to achieve an output of 100 mW at 
32 GHz from an input of 400 mW at 4 GHz. These circuits take power 
(15) 
fra.ill a d.c. bias supply b~t in sams applicationa may w~11 s~p~r6~de 
other multiplier circ~ts. 
A recent comm2rcially-manufactured sBeep oscillator uses t~o 
dual=gate field=effect transistors in a doubler circuit to give 
? 10 ciEm at 26 GHz (Reference 11~ 1982), This circuit~ JLn cox:illllon 
with most contemporaxy multipliers~ ~es microstripline technology. 
There is a large amo~t of teChnical literatu~e on the subject 
of resonant cavities as microcrave circuit elements~ one of the early 
contributions being by MONTGOMERY~ RICKIE and PURCELL (Reference 25 ~ 
1948). Many of the transmission-line resonant filters which have 
been described have been ~th parallel coupling~ for example~ CRISTAL 
(Reference 05 ~ 1964) described interdigital and com5-line filters which 
used COlllpled circular cylind~ical rods, and MATTH.AEI had described 
similar filters (References 21, 22~ 1962). The series~tuned coaxial 
cavity has been used in experimental mixer circuits by EMMETT 
(Reference 06, 1914) and in frequency multiplier circuits by SAUL 
(Reference 32, 1974) and KULESZA (Reference lJ, 1967} who ohtained 
excellent results witn capacitive transformers as matChing circuits~ 
From about 1960 on~ards the stripline (or tri-p1ate) type of 
transmission line began to be the swject of research and development 
in microwave filters and ntl!D!2·rous pmblications appeared such as the 
book by MATTHAEI, YOUNG & JONES (Reference 23, 1964). The strip line 
is a balanced transmission line with a single strip conductor parallel 
to and mid-way between ~o parallel conducting planes which are the 
return patn. All three conductors are separated by an insulating 
dielectric. If one of the conducting planes is removed the structure 
remaining is a copper strip separated from a ground plane by a thin 
dielectric plate and this ll!Ilbalanced line is called a microstrip line. 
(16) 
The characte~i~tic impedance and wavelengt~ of signals in micro~trip 
is a function of the geometry and vario11!S papers have derived fonnulae 
for the parameters (references 13~ 36~ JJP 38p 42). 
The unbalanced nature of microstYip mEans that the travelling 
waves exist in the dielectric sub£Jtrate and in the air above the 
strip conductor and it is convenient to introduce the concept of 
an effective dielectYic constant much can be used in the form'lJ.lae 
for characteristic impedance and wavelength. Very important 
contributions on this subject were made by 'WBEELER (Reference 42 p 1965} 
and SCHNEIDER (Reference 36 p 19.69). Useful data on the mitreing of 
comers on micros trip lines to prevent reflections and attenuation 
is given by KELLEY et al (Reference 12~ 1968}. The series capacitance 
of a gap in a micros trip line has been investigated and reported by 
BENEDEK. and SILVESTER (Reference 03, 19J2) who also calculated the 
shunt capacitance at a step in the line. The latter occurs in the 
quarter-wavelength transformer configuration Which is used for 
impedance matching in the circuits described in Chapter 6. Details 
of band-pass microst:rip line filt:ers are given by FLEMING (Reference 
01, 19171 although no references have been found for the series-tuned 
microstripline cavities u:&sed cin this project. 
Finally, an important aspect of multiplier operation is the effect 
of the embedding of the non-linear device in a microwave circuit. 
Early analyses of frequency multipliers often ignored this effect 
and started from the mathematical lawp 
c. = c (1 - v /~)-y 
1. o a 
(1.1) 
(17) 
where C. is the incremental capacitance of the varactor junction when 
~ 
V is the voltage applied across it. The other quantities in equation 
a 
(1.1) are the contact potential ~ 9 the constant y which depends upon 
9 
the doping profile and a constant C vmich is the capacitance when 
0 
zero voltage is applied across the junction. KULESZA (Reference 16~ 
1966) for example 9 computed the efficiencies of multipliers using 
varactors having various values of y and showed that for y = ! the 
second harmonic is the highest harmonic present. This conclusion~ 
however 9 might be modified by the effect of parasitics upon the 
device law. The analysis used in this project (Chapters 4 and 5} 
employs a characteristic for the device which includes the effects 
of the parasitics present when the diode is embedded in a typical 
circuit. This method was suggested by ARMSTRONG (Reference 02, 
1983) and is applied to several multiplier circuits in this report. 
2.1 
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2.1 Introduction 
The series-tuned cavity is defined here as a length of short-
circuited transmission line connected to a tuning capacitor to form 
a series resonant circuit. The transmission line is of length just 
less than a quarter wavelength so that its input impedance is an 
inductive reactance. It is normally required that the selectivity 
of the circuit should remain at a high value under load conditions. 
Power can be extracted from the cavity via a coupling loop, a 
capacitor probe or a probe which is directly coupled to the conductors 
as shown in the schematic diagrams of Figures 2.1, 2.2 and 2.3. 
R 
s 
R 
s 
Transmission Line ~ 
~~------------~--~~~ ~ Short ~-- --- DC < ~ 4 
Figure 2.1 
Mutual Induct~ve Coupling 
- :.;::. circuit 
Transmission Line ~Short 
A. 
c::t - - - - DC < - - - - - - - ~ 4 
~· ? " r~gure -·-
CapacHi ve Coup ling 
circuit 
R 
s 
Transmission Line 
A. ~ ~ - DC < 4 
Figure 2.3 
Direct Coup ling 
~-a DP = = 9 circuit 
a----~ 
Two types of transmission line which are particularly useful in 
UHF and microwave circuits, namely the coaxial line and the microstrip 
line, will be used as cavities operating in the series-tuned mode. 
They will be required for use as filters and matching networks in the 
frequency multiplier circuits investigated in Chapter 6. 
The analysis and predicted performance for the series-tuned cavity 
are presented in this chapter and practical results for some examples 
of cOaxial and microstrip cavities are given in Chapter 3. 
(21) 
2.2 Analysis of the series-tuned cavity 
In the first instance the transmission line is assumed to be 
lossless ~n order to simplify the analysis. Furthermore, the 
simplest type of coupling is illS~d. namely, direct coupling and the 
primary objective is to obtain the variation qf the frequency plot 
of the available power gain as various parameters of the cavity 
are changed. The parameters of importance are the length of the 
cavity DC, the position of the probe DP, the value of the tuning 
capacitance C and the characteristic impedance Z • The parameters 
s 0 
of the circuit are the source resistance R and the load resistance 
s 
~· 
i 
A normalised frequency variable f ~s used so that the results 
may be generalised to design a cavity for any required frequency. 
The symbols employed are defined as the analysis is developed 
although a full list is also given in Appendix 2(i). 
The input impedance Z. of a lengdiDC of a transmission line 
~ 
terminated in an impedance ZT ohms is given by 
z. = z 
~n o 
ZT + jZ
0 
tan B (DC) 
Z
0 
+ jZT tan B (DC) (2.1) 
where B is the phase change constant per metre length of the transmission 
line which has zero attenuation per unit length. 
\¥hen the transmission line is terminated in a short circuit the 
input impedance is reactive given by 
Z = jZ
0 
tan S (DC) 
sc 
(2.2) 
The electrical length of the cavity measured in radians of phase change 
is 
8 = S (DC) (2.3} 
(22) 
length of line~ L and C as~ 
m m 
Olf for an aix-dielectric line cw 
2'iTf s::::~ 
c 
~ere c is the velocity of light in air. 
(2 .5} 
The freq\llency at which the cavity is a quarter wavelength long mll 
be called f and hence 
cav 
and 
c 4 (DC}"'~::: A 
A cav 
(DC) = 4 
Be 
e ,., ""'4""'£~= = 
cav 
'ITf 
2f 
cav 
If the frequency f is normalised by dividing by f then 
cav 
(2.6} 
(2 0 7) 
'IT v 
e = 2 f (2.8) 
e-here 
v - f f --f- (2. 9} 
cav 
The series resonant frequency of the t.mloaded cavity (i.e. 1). = ""') 
will be less than f denoted as f and given by the relation 
cav' o 
f 
'IT 0 tan---2 f 
cav 
(2. 10) 
The unloaded series resonant frequency f may also be normalised 
0 
and expressed as, 
f 
0 
f 
0 
= -=---f 
cav 
(2.11) 
(23) 
At the f~equency f the value of e can be called 6 whe~e 
0 0 
f 
'iT 0 6 o::::2-f~ 
cav 
The cavity para~ter DC and the tuning capacitance CSN are 
included in the expressions fo~ the variables 6 and e ~espectively 
0 
(see equa~ions (2.6s (2o7}:_~ (2ol0) and (2.12)) and the position of 
the probe DP in the angle ~ given by 
(2 .12) 
rp o 8 (DP) :::: 2rrf (DP) (2 0 13) 
c 
The source resistance R will initially be assumed to equal Z and 
s 0 
the load impedance ZL will be normalised as 
zv 
L (2 0 14) 
I 
The input impedance of the loaded cavity at the terminals 1, 1 
as shown in Figure 2o4 is zup~ and using equations (2olL (2.21, 
(2.3)s (2.13) and (2.14) this can be expressed as 
E 
s 
zil = z p 0 
R 
s 
{- tan (6-~) tan q,} y j z~ {tan ce-q,) + tan ip} 
z~ { 1 - tan q, tan ce~q,)} 
z.J ~ p 
Figure 2.4 
-1- j tan ¢ (2 015) 
ZIN is given by 
(24) 
1 
= 
2i/p - J 2~ f c 
s 
(2 .16) 
(2.17) 
These resistances~ reactances and impedances can be normalised by 
dividing by Z so that 
0 
v 
c :R'i/p ? J. rv v 1 ) v-i/ P - -=z==F====~ 2~ f c 
(2 .18) 
0 s 
v 
The real and imaginary parts of eq~ation (2.15) are plotted against f 
v 
in Figures 2.9~ 2.li>and the modulus of Z~/ is shcrun in Figure 2.8. 
l. p 
The quantity measured during swept-frequency tests is the o~tp~t 
voltage v1 and this is normally calibrated against the signal generator 
output into SM~ making the ratio VL to E
5
/2 a useful quantity to 
compute. The load power PL and the maximwn power available from the 
source P A are related to the availaf:i le power gain G by the following 
eq1!ations 
PL (2. 19} G..,~ 
PA 
p = 
1Vd2 
~ (2. 20) L v 
z 12 lz1 o· 
E 2 
s 
where R z (2. 21) PA=4Z" = s 0 
v 0 
If Z - is b-· real then~ 
(2.22} 
(2.23) 
0 
(25) 
The insertion loss L is the decrease in load power caused oy connecting 
the 2-port network be tween tne signal source and the load and ilS thl!!S 
or 
lL (2 .24} 
Expressions for PL ancl PA may be easily obtained using equation (2.17) 
~en the cavity losses are assumed to be zero. Alternatively the 
• , ~ 0 load power may be deduced tJLSJLng the Theven1n EqWLvalent circuit for 
the cavity as shown in Figure 2.5~ leading to 
z 
were Re = 
and 
0 v j (9-~) (tan a - tan (8-4>)} 
voc 
oc cos 
=--= E 1 ? j 1 z l. s {tan 8 - 2fi'f c 
s 0 
~ 
0 z tan cp {X -tan (8-<P)} ? j tan <P 
- o/p - c 
o/p --z-- Re + j Im 
0 
1 - tan ~ tan (6 - _Q>l 
Im = tan <P ? tan (9-<P} + {tan ~ tan (S-<P) - l} 
21T f c z 
z = z v z 
o/p o/p o o 
s 0 
Cavity 
Output 
Terminals 
Figure 2.5 
(2.25} 
(2.26) 
(2. 26a) 
(26) 
An expression for P1 is 
E 2 Ri}p v z p = s 0 (2 0 2 7) L 2 
z 2 (1 + Ri}pr)2 + (Z X.} ,_ 1 } 0 0 ~ p 21T f c 
s 
Some of the equations developed in this section are plotted in section 2,3, 
(27) 
2.3 Theoretical Results for SeriellJ=T'U!X'!.ecl Carity 
The equations (2.15) to (2.27) can be used to plot the variation 
and e . 
0 
Graphs of so~ of these quantities are shown 
in Figures 2.6 to 2.13. A is the ra~io of the distance of the probe 
from the sho~t circuit to the length of the cavity. 
2.J.l Variation of _cavity len'gtm 
With reference to Figure 2.6 it can be seen that two series resonant 
frequencies occuz~ one j11!$t 1ielow- tlie q"Warter wavelength and the other 
just below the three~qua-rtez wavelength. freqwmcy where the cavity is 
again inductive. ~ available pom!r gain G and insertion loss L curves 
in Figures 2.6 and 2.7 respectbrely 9 snow that the length of the cavity 
Imll$t not lie too near a qtna-rter wavelength. (6 
0 
= ;) 9 in fact 9 zero 
insertion loss occurs wfien e o 81°. This happens when the input 
0 
impedance z.1 is son resistive in se-ries with an inductive reactance 1. p 
whiCh can then be resonated with the tuning capacitor C • 
s 
The matching of the input impedance of the loaded cavity to the 
source can easily be obt~ned from the graphs in Figures 2.9 and 2.10. 
The frequency at which R. I v = 1 is noted and the value of X. I v at l.p l.p 
this frequency is resonated oy adjusting C • This occurs at e·- = 81° 
s 0 
and there are no other vallllles of e which give this mariml.ll!ll power transfer. 
0 
The "selectivity" of the cavity may be measured from the graphs of 
output voltage versus frequency "mich are given in Chapter 3 wnere 
practical and theoretical graphs are compared. A vQ-factor' of about 
20 is obtained for the first resonance when Z~ = 1, A 0 1 d e = 81°. = . ' an 0 
(28) 
2.3.2 Variation of probe position 
The position of the probe or load coupling is g1ven by the constant 
A uhich is usually of the order of 0.1. As the probe is moved tm~ards 
the input end of the cavity the ~esonant peaks tend to ~roaden ~ sh~m 
in Figure 2.13. The value of G for the first resonance When A o 0.2 
(see Figure 2.13) comld be adjusted to the matched condition of unity if 
a different value of 8 were l!lsed. This co1Ulld be obtained fuy plotting 
0 
curves of Ri} 0 and X~/ ~ (similaJr to Figures 2. 9 and 2. 10} p for "Wario1UlS p lL p 
values of a for A = 0.2. 
0 
Furtlier investigations slio~ that the response for A = 0.57» for 
exampleD can be changed Ey making 6 = 88° so that the first resonance 
0 
disappears anCi tlile second resonance oecolltf!s more selective. Thi~ can 
oe seen from tlie practical resmlt shown in Figure 3p in Chapter 3. 
2.3.3· Design proc~dure 
I 
Since the load impedance ZL will normally be specified» ZL is knmm. 
Graphs of Ri/pv and Xi/pv can then be plotted using particular values of 
A (for example 0.1 and 0.21 for variol.JlS values of a • This enalbles 8 
' 0 0 
I 
to be determined whiCh produces zero attenuation at the first resonance» 
and the graphs of G and L can then be plotted. A suitable pair of values 
of 9 and A can then oe chosen to give the required selectivity. The 
0 
normalised resonant frequency is obtained from the graph of L (in 
Figure 2.7} ~ich gives f 0 of 0.8. 
s 
Then f may be found from 
cav 
f 
s 
fcav = f 0 
-s 
(2 .28) 
and hence the required length of cavity DC may be determined from equation 
(2.6). i.e. 
DC 3.10
8 
4 f 
cav 
(29) 
The value of 8
0 
~s known and can be used to find the required CSN which 
tunes the unloaded cavity. If equations (2.10) and (2.12) are combined 
the following expression for the capacitance may be obtained~ 
1 CSN = ~-=---=-~~~~,=-4 f z e tan e 
cav o o o 
(.2 o29) 
Values of CSN for any f 9 Z : SOQ and certain values of e are shown cav o o 
~n Figures 2.14 and 2 o 15 o The actual val~ of C required ~hen the cavity 
s 
is loaded will be different from CSN and will be needed to resonate with 
Xi)pi~ and therefore it will be slightly greater than CSN' 
( 30) 
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2o4 The Coarial Series-Tu:ned Cavity 
A coaxial series-tuned cavity with direct=coupled load is illugtrated 
in Figure 2 o 16 o 
50~ Input.Connector 
50~ Output Connector 
I 
·Rod 
Inner Conductor 
Series 
Capacitance 
Figure 2.16 
Short Circuited End 
Tube 
Conductor 
The dominant mode in coaxial transmission lines is the transverse 
electromagnetic (TEM) with the electric and magnetic field components 
always at right angles to each other and to the direction of propagation. 
Different modes occux l<rlnen the frequency is high enough such that the 
wavelength becomes equal to the mean circumference of the coaxial 
0 
system. Formulae for the parameters with TEM propagation on the 
coaxial line are well-known and are summarised below so that they may 
. 
be used in design calculations. A schematic diagram is shown in Figure 2.17. 
z = z!z 
L ~ 0 
Figure 2. 17 
Schematic Diagram of Coaxial Cavity 
The inductance per metre and the capacitance per metre are. 
were 
(b) L-li.IGnryS per metre 
a 
(2 .30} 
21T e: e: 
c o r farads per metre = 
m R.n (b) 
a 
(2. 31) 
' 2b is the diant2ter of the owter conductor 
Za is the diant2ter of the inner conductor 
~r is the relative permeability of the material bet~een the two 
conductors 
~0 is the permeability of free space, and 
.in is the natural logarithm 
e: 1s the relative permittivity of the material between the two 
r 
conductors, and 
e: is the permittivity of free space. 
0 
The dha~acteristic impedance of any transmission line is 
Bhere R = series resistance of line per metre Ci'l 
G = shunt capacitance of line per metre m 
L = ind~ctance of line per metre 
m 
C = capacitance of line per metre 
till 
If ~and G~are negligibly small then for a coaxial line~ 
f-rom mich 
z ~ !&. 
o Jcltl 
Z = 60~J.lr ln {~J 
o e: a 
""" 
and when ~ = 1 and E = 1 as fo-r the air-dielectric line~ 
r r 
Z = 60 ln (b) 
o a 
o-r Z = 138 log (b) 
o a 
were log is the logarithm to the base 10. 
(2 .32) 
(2 0 33} 
(2.34) 
(2 0 35) 
The wavelength A for a signal of frequency f is given by equation 
(2.36) 
A"' _ __;.c __ (2.36) 
f fllE \}} ,..r .... r 
where cis the velocity of electromagnetic waves in free space. 
The variation of characteristic impedance with b and a is given 
by equation (2.35) which is shown as a graph in Figure 2.18. This 
shows that it is difficult to make a coaxial line with a value of Z 
0 
much less than 2on as the ratio b/a becomes less than 1.4. A lower 
characteristic impedance can be produced by us1ng a dielectric other 
than air but this will increase dielectric losses which are generally 
more signific.:mt than conductor losses at microwave frequencies. 
(42) 
-The attenuation per metre of an air-dielectric coaxial line can 
be shown to be a minimum for~ of 3.6 which corresponds to a 
a 
characteristic impedance of 77 ohms. However 9 the attenuation does 
not increase by more than 20% within the range 2 ~ ~ ~ 9.5 which 
a 
corresponds to the range of characteristic impedance 40 to 136 ohms. 
The graph of attenuation against~ is shown in Figure 2.19. 
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2.5 The microstrip series-tuned cavity 
The microstrip transmission line has been the subject of extensive 
research and development in recent years because of its suitability for 
use in microwave integrated circuits. A microstrip circuit is normally 
produced using the techniques developed for printed-circuit board 
productions however, more accuracy is required with the conductor 
patterns. The reproducibility of the photolithographic process, the 
ease of production and the small size give the microstrip considerable 
advantages over the alternative waveguide and coaxial systems. 
A microstrip transmission line is ~hown in Figure 2.20 and can 
be seen to consist of three parts: (i) a substrate which is i~itially 
fully clad with copper on both sides (ii) a ground plane of copper 
on one side of the substrate and (iii) a conductor pattern of strips 
of copp~r on the opposite side. 
strip conductor 
substrate 
I 
t::::=====~================::=ll - Jl 7 
Ground plane 
Figure 2.20 
Cross-section of microstrip transmission line 
(45~ 
The conducting strip ~s surrounded &y ~o different materials~ 
ai~ and substrate~ the latter consisting of any of the follo~ng: 
p.t.f.e.-impregnated glass fibre~ alumina~ saphire or ferrite. Dme 
to t~is la~~ of symm2try the propagation along the transmission line 
is not exactly TEM and exact computation of the ve:ocity of propagation 
~~d characteristic impedance are difficult. An effective relative 
permittivity Eeff has a val~ be~een the values of relative permittiwity 
foY air and the substrate. A useful formula for e:eff is given by 
SCHNEIDER (reference 36) Bhicli shows that it depends upon the ratio 
u}h as well as the relative permittivity of the substrate~ i.e. 
E I' {- 1 .:-
E 1 -! 
r (1 ,{)- lOb.) w 2 Eeff = for h ~ 2 2 ~ (2.37) 
E {- 1 E 1 -~ 
r r (1 {- lOb.) {- c w 2 £ ::;: v for h ~ eff 2 2 w (2 0 38} 
(E + 0.5) 
(t) ~ mere c 0.468 r = 1.5 w 
and E is the relative permittivity of the substrate 
r 
h is the thickness. of the substrate 
w is the -w-idth of the transmission line 
t is the thickness of the transmission line 
The characteristic impedance of the microstrip ~s 
(2.39) 
where z0A is the characteristic impedance of a microstrip ~th a 
substrate having a relative permittivity Er of 1~ and e:eff is the 
effective relative permittivity given by equations (2.37) and (2.38). 
or 
(46) 
z0A may be calculated from 
z0A = 60 ln c!h + :h) for ~ ~ 1 
120'TT 2oA = ---=---=~~==~~------
2.42 - 0.44 !:.. ? 
w 
w 
-? h 
The wavelength of a signal of frequency f Ln the microstrip is 
A 
0 A = ~--?" 
m 
(2.40) 
(2. 41) 
(2.42) 
where A is the wavelength Ln a microstrip with a-substrate having a 
0 
relative permittivity ~r of 1. X is also the free-space wavelength 
0 
and for a signal of frequency f is 
A = 
0 
3.108 f metres (2. 431 
The attenuation ~n the microstrip transmission line is due to 
conductor loss and dielectric loss, which are both dependent upon the 
characteristic impedance and frequency. An example of the typical 
parameters for a 50-Q microstrip on a fibre-glass substrate is given 
in Table 2.1 below. 
(4 7) 
Substrate epoxy fibre glass 
h 1.626 mm 
'I:J 2. 72 mm 
t 0.12 mm 
E 5 
r 
Dielectric loss tangent, tan e 0.025 
f 895 MHz 
:\ 0.335 mm. 
0 
Eeff 3.69 
:\G 0. 175 m 
z SOQ 
0 (ZOA 96Q) 
conductor loss 0.3 dB/m 
dielectric loss 3.56 dB/m 
Table 2. 1 
SQ---Q microstrip on fibre-glass substrate 
The variation of characteristic impedance with the width of 
conductor strip for the example given in table 2.1 is shown in Figure 2.21. 
The microstrip tr~~smission line can be used as a series-tuned cavity 
if a discrete variable capacitor or a fixed-value chip capacitor ~s used 
as the tuning capacitor as shown in Figure 2.22. 
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Epoxy Fibreglass Substrate 
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r 
h :::: 1.626 mm 
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(49) 
The theoretical results shown graphically in Figures 2.6 to 2.13 
show that the selectivity of the cavity when feeding a so~~ resistive 
load is a maximum when the probe is positioned near the short-circuited 
a 
end. The Q~factor of 20 observed for the case when A= 0.1~ z1 = 1 
and e = 81° is obtained with an effec~ive series resistance of 100~. 
0 
The unloaded Q of the cavity might be of the erder of 20~000~ or 
greater~ but the cavity is loaded by the source resistance and load 
resistance each of which is 50~ in the case considered. Higher values 
of loaded Q=factor can he obtained but at the expense of an increasing 
insertion loss due to mismatCh. 
A design procedure is given in section 2.3.3 so that the required 
cavity length~ tapping point and series capacitance may be calculated 
v v 
for any case. Graphs of Ri/p and Xi/p are useful in choosing suitable 
values of 6
0 
and A. There may be cases when z1 is not equal to Z0 and 
the cavity may then be used to provide impedance match at the required 
frequency. 
Experimental results on two practical cavities are given in 
Chapter 3 and these show very little deviation from the theoretical 
results obtained in this chapter. 
(SO) 
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3.1 Introduction 
The theoretical results predicted in Chapter 2 apply to resonant 
cavities constructed with any type of transmission line. Coaxial 
transmission lines have been used for many years and have the important 
advantage, when compared t~th microstriplines 9 that the electromagnetic 
field is enclosed. A practical coaxial cavity was therefore designed 
and tested and the details are given in section 3.2. 
Coaxial technology is now being replaced in many microwave 
applications by a planar technology because the latter produces smaller 
and more easily manufactured circuits. The resulting transmission 
lines are either striplines or microstrips as described in section 2.5. 
Three microstrip cavities were designed, produced and tested with 
results presented in section 3.3. 
The coaxial cavity was called "cavity Cl" and the microstrip 
cavities were g1.ven the titles "cavity Ml", "cavity M2" and "cavity M4". 
(52) 
3.2 A Practical Coaxial Cavity 
3.2.1 Design details 
The cavity Cl was designed to have a characteristic impedance of 
SOQ and a first resonance at 192 MHz. A 50-Q G.R. connector was used 
at the input and an aajllstaole air-gap in the centre conductor of the 
coaxial transmission line provi~ed the required tuning capacitance C . 
s 
The meChanical design of the mainly-brass cavity is illustrated in 
Figures 3.1~ 3.2 and 3.3. 
Dimensions of the cavity 
0 Consider a value of e of 81 , then from equation (2 .12)_, 
0 
f 
cav 
= 90 x 192 MHz = 213.3 MHz 
81° 
The cavity length DC may then be found from equation (2. 6) as, 
DC= ~,....c_ 
4f 
cav 
3.108 ----~= 35.1 em 
4 213.3 106 
(3.1) 
(3 .2) 
Equation (2.35) can be used to determine the required ratio of B 
to A (see Figure 3.11. The values used forB and A were those of the 
50-Q connector, namely, 
A= 7 mm (3.3} 
B = 16 mm (3.4) 
The value of input capacitance required to resonate the unloaded 
cavity can be calculated from equation (2.10) as, 
(3.5) 
-, 
(53) 
The parallel plate capacitor was prod~ced l~t~ annular plates and the 
plate area A is given by the value in expression (3.6) 
c 
(3.6) 
It is useful to l~~ the distance between the plates~ d ~ ehen the 
c 
parallel-plate capacitor has capacitance ~SN given by eq~ation (3.5), 
A f: -6 10-12 d _ c o _ 28.~ 10 8.856 = 0 . 098 mm 
c - CSN - 2.6 10~l2 (3.J) 
Thi$ value of d is very small and it suggests that a very fine thread 
c 
adjustmsnt is required on part li of the cavity sh~ on Figure 3.3. 
3.2.2 Tests on cavity Cl 
Swept frequency tests were carried out on the cavity with a probe 
consisting of the stiff inner conductor of a 50-Q coaxial cable. The 
probe is shown on the photograph in Figure 3.4. The load resistor was 
the 50-Q diode detector used with the sweep oscillator. Graphs of 
2VL)E
8 
versus frequency were plotted using an X-Y plotter. 
Test 2A: The position of the probe was suCh that DP was 3.5 on 
and thus it was one tenth of the length of the cavity. The 
practical results were plotted on the same axes as theoretical 
results from computer plots of the equations developed in 
Chapter 2 9 see Figures 3.5 and 3.6. 
Test 2B: Variation of the tuning capacitor C produced responses 
s 
as shown in Figure 3. 7, the corresponding theoretical results being 
shown in Figure 3.8. 
(54} 
Test 2C~ 7his test uas cond~cted Bitn DP of 20 em so that 
A = 0.57 for uhicn the theoretical results are plotted in 
Figure 2.13. The practical results are shown in Fig~re 3.9. 
Test 2:J: If tlh.e vahne of C is decreased to 0.5 pF the ~ 1third 
s 
harmonic resonancen becomes sharper as the practical resll.!llts of 
Figure 3.10 indicate. Howeverp it should be noted that tne 
available power gain G at this resonance is approximately 0.16. 
3.2.3 Conclusion 
The correlation between practical and theoretical results is very 
good! as displayed in Figures 3.5 and 3.6. At tlie resonance the voltage 
response is about 10% below the theoretical voltage response; the 
practical response is thus less than ldR below the theoretical. This 
difference is probably due to the losses in the cavity. 
The construction of the cavity requires careful design of the input 
capacitance and of the probe connection. 
(55) 
3.3 A Practical Microstrip Cavity 
3.3.1 Design details 
A microstrip test board with layout as shown in Figure 3.11 was 
produced to obtain practical results Whi~h could be compared with the 
theoretical results of Chapter 2. The board consisted of a fibreglass 
substrate Bith conductor strips of width 2.7 mmg previous tests having 
shown that these transmission lines have characteristic impedance of 
son and effective relative permittivity of 3.17. 
In fact three cavitiesg numbered Mlg M2 and M4g were included on 
tne board with dimensions and data as given in Table 3.1. The short 
circuits were produced using b-rass screws through. the su'bstrates to make 
the contact between the baseplate and the strip. 
cavity Ml Cavity M2 Cavity M4 
Input terminal lA 2A 4A 
Output terminal lB 3B 5B 
Physical Length (DC) 155 mm 73 mm 73 mm 
Predicted f 272MHz 577 MHZ 577MHz cav 
(assuming Eeff = 3 0 17) 
I 
A DP 0.1 0.1 0.1 DC 
TABLE 3.1 
(56) 
3.3.2 Tests on cavities Y~ and M4 
Test 3A: Cavity M2 was fed through a variable capacitor connected 
to input terminal 2A as shown in Figure 3.12. The output coupling 
was a copper wLre soldered between the cavity and the microstrip 
connected to output terminal 3B. The value of C was the minimum 
s 
obtainable on the variable capacitor used and was measured as 3 pF. 
The swept frequency response is shown in Figure 3.13. 
Test 3B: The above test was repeated on cavity M4 to investigate 
the effect of the type of probe connection (cavity M4 has a SO-n 
microstrip probe). The response is shown in Figure 3.14 which shows 
that the resonant peaks are at the same frequencies as for cavity 
M2 but the high~frequency transmission of the system is better for 
cavity M4. 
Test 3C: The value of the capacitor C was Changed to 5 pF to obtain 
s 
a different response and the procedure of test 3A was repeated. 
The response has the first resonance at 430 MHz and is shown in 
Figure 3.15, 
Test 3D: Cavity M2 was fed via C but the output was taken from a 
s 
position whiCh was 0.2 of the cavity length from the short-circuited 
end. The output was taken via a copper wire link to the so-n 
microstrip connected to point 4B. The value of C was adjusted 
s 
to give a maximum height first resonance and the response was as 
shown in Figure 3.16 with the resonance at 460 MHz. 
(57) 
3,3,3 Te~t~ on cavity Ml 
Test 3E: Cavity Ml ~as fed via a variable capacitor C connected 
s 
at input lA and the o~tp~t was connected to lB via a direct copper 
wire link to a point 0,1 times the cavity length from the s/c end 
of the cavity, It was found that the maximum value of C gave a 
s 
lo~ amplitude resonance at 202 MHz and the minimum value of C also 
s 
gave a small first resonance but at 255 MHz, The response for 
minimum C
8 
is given in Figure 3,17, The value of 9
0 
was estimated 
to oe 84°. 
Test 3F: This was similar to the previous test but with C 
s 
adjusted to give am~ amplitude first resonance~ see Figure 
3.18. The value of 9 for this was estimated to be 78°, 
0 
3. 3 • 4 Sw:mnary 
It was found that the microstrip probe was more effective than the 
copper wire probe connection at the higher frequencies. This is shown 
clearly by comparing Figure 3.13 with 3.14. 
The correlation be~een practical results and theoretical results 
can be seen by comparing Figure 2. 6 'With. Figure 3.17, It is not as good 
as for the coaxial cavity but this could be due to the difficulty of 
providing a tuning capacitor which does not disturb the transmission, 
A fixed-value chip capacitor could be used but this would not provide 
the adjustability required, The practical results show a loss compared 
with the theoretical results of about 2.5 dB for cavity Ml and 1.7 dB 
for cavity M2. 
(58) 
3.4 Conclusion 
The practical results obtained for the cavities are in close 
agreement with the theoretical results predicted in Chapter 2. This 
is shown in Figures 3,5 and 3.6 for cavity Cl and in the comparison 
of Figures 2.6 and 3.17 for cavity Ml. 
The results for the practical coaxial cavity sh~ that a~ the 
resonance the voltage response is about 10% below the theoretical 
voltage response; this is a difference of less than 1 dB. It is 
probably due to the losses in tne connectors and~ ~o a smaller 
extent~ the losses in the cavity. 
The correlation be~een practical results and theoretical 
results for the microstrip cavity was not as good as for the 
coaxial cavity. There was a difference of at least 1.1 dB which 
could be due to connector loss~ cavity loss and radiation loss. 
The construction of the coaxial cavity requires careful design 
of the input capacitance and the probe connection. The microstrip 
cavity was more easily manufactured but there was a difficulty in 
designing the input tuning capacitor. The constructional details 
for each type of cavity are given in sections 3.2.1 and 3.3.1. 
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4.1 Introduction 
This chapter develops a method of analysing frequency multiplier 
circuits and uses it to obtain expressions for the performance of the 
shunt-diode doubler circuit. Diode tripler circuits, with and without 
idlers, are dealt with by the samz mEthod in Chapter 5. 
The method of analysis is explained in Section 4.2 and can be 
used for either shunt-connected or series-connected diodes. It assumes 
that the diode is tested with a cosinusoidal drive of charge in the 
shunt case or voltage in the series case and the resulting spectra 
of voltage and charge, respectively, are used to specify the non-
linear characteristic of the diode. The performance of the multiplier 
ciicuit is then obtained in terms of the magnitudes of the components 
of the test spectrum. 
The performance of a shunt-connected varactor-diode doubler is 
investigated in Section 4.3 and expressions are found for the maximum 
output power, the drive levels and load resistance values for which 
the analysis is valid, The capacitance presented by the diode to the 
input circuit, and the output capacitance of the diode operating in 
the second harmonic output circuit are also obtained. These expressions 
are initially found by an approximate analysis used because of its 
relative simplicity; the approximation is that the diode does not 
generate harmonics higher than the second when tested with the 
cosinusoidal drive. The modifications required when the third and 
fourth harmonics are taken into account are then investigated in 
Sections 4.3.2 and 4.3.3 and further insight is gained into the 
operation of the circuit. A large amount of algebra involved ~n 
obtaining these solutions has been put into appendices, and a summary 
of the results of the analysis is given in Section 4.4. 
(76) 
4.2 A M$thod of Analysis for Multiplier Circuits in Terms of 
Varactor Spectral Data 
Early work on varactor harmonic generators assueed that operation 
Bas constrained so that the voltage across the diode never exceeded 
the reverse breakdown voltage in one direction and the contact 
potential of the junction in the other direction. In practice, 
especially Where automatic oias is used for the varactor, harmonic 
generators are usually ~riven so that the contact potential is exceeded 
in the forward direction whicli results in a short pulse of fo~ard 
current. This type of operation produces an increased output power 
and efficiency and is the oasis of the switching multipliers which. 
use the step recovery diode (reference 09}. The analysis used in 
this Chapter assumes that forward conduction does not occur so that 
it ~11 not strictly apply to step recovery diode multipliers, 
although it is hoped that it may be adapted to this case in the future. 
Ho~ever, the method is of considerable interest as it gives closed-
form solutions which are not restricted to small signals as was the 
case with the early analyses (reference 17). The method is an 
adaptation of that proposed by R. ARMSTRONG (reference 02}. 
Many papers on varactor multipliers have used the relationship 
between the voltage across the varactor junction V and the incremental 
a 
capacitance C. as 
~ 
c • 
0 C. (V ) = ----:~ ~ a V 
(1 - 2-) y 
¢> 
C. (V ) = ... 
~ a 
when V < ¢> 
a 
when V := tp 
a 
(4 0 1) 
(77) 
wheEe ~ is the contac~ po~ential, The e2asureooent of the characteEis~ic 
of the varactor has also been the subject of several inves~igations for 
~ple 9 SMITH and BRAMER (reference 37~ 1972) and NUYTS and VAN 
OVERSTRAETEN (reference 26 9 t969), Here ~he varactor Q/V relationship a 
~11 be taken as the sum of Chebyshev Polynomials as sho~m in equation 
(~.2) for the series diode case and equation (4.3) for the diode in the 
shunt connection. 
In the above relationships the coefficients ~0 are the open circuit 
harmonic charges developed in the diode When it is driven by a 
cosinusoidal voltage~ the coefficients V are the open circuit 
no 
harmonic voltages developed across the diode when it is driven by a 
cosinusoidal charge~ and v and q are normalised quantities which are 
explained in equations (4.12) and (4.4) in the subsequent text. 
(i) The shunt diode 
(4 0 2) 
(4.3) 
The diode in the shUnt connection will now be considered in detail 
so that equation (4.3) can be fully explained. 
The characteristics for the diode are shown in Figure 4.1 where, 
C. = incremental capacitance 
l. 
Qd = total charge on p-side of junction 
Q. = injected charge 
l. 
V = applied voltage 
a 
-v B 
c 
Q 
+Q 
0 
( 78) 
~- -- oQ jBD 
Figure 4.1 
C-V and Q-V Characteristics 
v 
a 
With reference to Figure 4.1 the diode will be used at a bias 
of -VB such that the value of Q = ! QBD; this will enable the ch~rge B 2 
to be varied between 
-QBD and zero. The diode will be tested by 
varying the charge Qd by Q10 cos wt about the bias value -Q~ and .1) 
Q will be Q - 1Q A normalised variable may be defined as the 10 B - 2 BD' 
fractional variation in charge, i.e. 
q = (4.4) 
(79) 
where 
(4 .5) 
Consequently the value of q 1n the test can be written as 
Q10 cos wt 
= cos wt = cos 6 (4 .6) 
To apply the cosinusoidal drive to the charge 9 the diode must be 
supplied with a sinusoidal current; an expression for this is obtained 
by differentiating Qd with respect to time, i.e. 
= -wQ10 sin wt (4. 7) 
When the diode is tested with the cosinusoidal drive of equation 
(4.6) 9 a spectrum of voltages will be generated whiCh will contain 
only cosine terms as shown in equation (4.8). The test circuit is 
shown in Figure 4.2; in practice this test may prove difficult to do 
as a very high impedance instrument would be needed to find the voltage 
spectrum. 
v0 : v00 + v10 cos wt + v20 cos 2wt + v30 cos 3wt + ..•. etc 
w 
Figure 4.2 
Theoretical Test Circuit 
(4. 8) 
{80) 
The variation of charge can be measured from the bias point and 
the voltage about the bias point -VB; in effect the Qd, Va curve is 
then translated so that (-QB~ -VB) is now the origin~ and the new 
variables are Q and V o 
The amplitudes of the components of the spectrum in equation (4o8) 
can n~ be used as the coefficients in the characteristic of the diode 
as expressed by 
v = voo + 
where V = voltage deviation from bias value 
q =normalised charge deviation given by equation (4o4)o 
and T (q) is the Chebyshev Polynomial of order n. 
n 
(.4 0 9} 
Th.e justification for writing equation (4.9) is given in Appendix 4(i). 
When the diode is used in a shunt multiplier circuit it is driven 
by the sum of two current components, one of the input frequency and 
the other of the required output frequency as shown in Figure 4.3. 
The spectrum of voltages produced is thus different from that produced 
under no-load conditions. The objective of the analysis is to find 
the spectrum of voltages produced in the multiplier in terms of the 
spectrum produced under no-load conditions. 
sin (nwt + <P) 
Figure 4.3 
~unt-connected multipler circuit 
(81) 
The charge variation on the diode in the multiplier circuit is 
permitted to have two sinusoidal components of input and output 
frequencies but the total variation must not exceed the variation 
caused under no-load conditions: for this reason the fundamental 
frequency charge amplitude is assumed to 'be aQ10 where r aq is a, 
const:ant which is less than unity and the nth harmonic charge 
amplitude is bQ10 where qbq is a constant also less than unity. 
This composite charge variation is substituted into equation (4.31 
in order to determine the required voltage spectrum. Th~s method 
of analysis is used in the later sections dealing with shunt 
multiplier circuits. 
(iil The series diode 
In this case the diode must be biassed to the mid-point of its 
total voltage swing which is (.cp + VBD) as shown in Figure 4.1~ giving 
finally 
-v + A.. BD 'I' 
-VB -= --:2::---
The diode will be tested by varying the voltage V about the 
a 
bias value -VB by v10 cos wt 
VBD + ~ 
2 
(4 .10) 
(.4 .11) 
A normalised variable v may be defined as the fractional variation 
in voltage relative to v10 , i.e. 
v = (4 .12) 
where 
-1 ~ v ~ +1 (4.13) 
(82) 
The diod~ will be tested by ap:;>lying a cosinusoidal voltage and 
under no-load conditions the normalised test voltage is 
v 
0 
]. cos wt cos e (4.14) 
The test circuit 1s shown 1n Figure 4.4 and the spectrum of charge 
which is generated 1s given by equation (4.15). 
I cos wt 
s 
"" ~ A ~ (- I sin wt) 
n=l n 
CIO 
:E 
n+l 
FigUtre 4.4 
No-load Test Circuit 
0 cos nwt 
--no 
\ 
\ 
monitor 
resistor R 
It is assumed that variations in voltage and charge occ~r about 
the bias point which is the Hnew origin°1 for the non-linear Q}V 
relationship. The test spectrum amplibudes given in equation (4.15) 
(4.15) 
can be used as coefficients ~ the Chebyshev expansion which represents 
the diode characteristic as in equation (4.2) which is repeated 
co 
L: 
n=l 
0 T (v) 
--no n 
where Q = Charge deviation from bias value 
and v= normalised voltage deviation from bias voltage. 
(4 .16) 
The justification for writing equation (4 .16) is given in Appendix 4(i}. 
(83) 
When the diode is used in a series multiplier circuit as shown ~n 
Figure 4,5 the voltage variation across the diode consists of two 
components, one at inp~t frequency and the other at output frequency. 
wt 
Figure 4. 5 
Series-connected Multiplier Circuit 
V cos (nwt + ~) 
n 
The voltage variation must not exceed the variation used in 
finding the test spectrum and for this reason the drive must be 
reduced to av10 cos wt where 'a' is a constant which is less than 1. 
The composite voltage variation is substituted into equation (4.16) 
so that the required charge spectrum is obtained. This method of 
analysis would be used to deal with series multiplier circuits. 
(84) 
4.3 Shunt-Diode Doubler Analysis 
4. 3.1 Two-term approximation to the diode characteristic 
L1 this approximate analysis the voltage spectrum obtained 
for the diode under test assumes that harmonics of higher order than 
the second are negligible. Thus the test spectrum in this case is, 
(4 0 1.7) 
and the diode characteristic can be expressed as 
(_4 .18) 
The. normalised charge variation used ~n the test ~s cosinusoidal, 
i.e. 
· q0 Q10 cos wt q = -A- = -= cos wt (4.19) 
QlO QlO 
When the diode ~s used in the shunt-connected doubler circuit the 
charge variation is due to the flow of the two currents shown in the 
diagram of Figure 4.6. These currents and the current in the diode 
are given in the equations below. 
I 
Figure 4.6 
Shunt diode doubler 
(85) 
q = a cos wt - b ~os (2wt + ~) (4 .20) 
I = -awQ10 sin wt + b2wQ10 sin (2wt + ~) (4,21) 
As stated in Section 4.2, the charge variation must not exceed that 
used in the test so that the following approximate conditions should 
hold:-
-1 ~ a ~ +1 
-1 ~ b ~ +1 (4.22) 
-1 ~ a+b ~ +1 
The voltage spectrum generated in the diode can be found by 
substituting (4,20) into (4.18) resulting in 
V = V00 + v10 T1 {a cos wt- b cos (2wt + ~)} 
(4 .23} 
+ V20 T2 {a cos wt - b cos (2wt + ~)} 
Substituting for T1 and T2 yields 
+ v10a cos wt - v20 2ab cos (wt + ~) 
- v10b cos 
" 2 (2wt + ~) + v20 a cos 2wt (4.24) 
- v20 2ab cos (3wt + ~) 
" 2 
+ v20 b cos (4wt + 2~) 
(86) 
Now consider the fundamental and second harmonic components 
of the voltage across the diode with "-sin ~t" and "-sin 2fdlt 11 taken 
as the reference phasors. 
Then 
where 
(4 .25) 
and 
(4.26) 
The currents may be written ~n similar form as, 
(4.27) 
(4.28) 
The peak value phasor for the voltage across the load resistor Ls 
(4. 29} 
The output equivalent circuit 
The output circuit may be represented by an equivalent circuit as 
in Figure 4.7. 
2w 
--- li r-----c:::~-.J ~ v '11-=---------u 
-2bw Q10 Jj_ 
Figure 4.7 
(87) 
One of the voltages in the "diode circuit11 is in quadrature with 
the current and may be replaced in Figure 4.7 by a capacitor which 
represents the output capacitance of the diode. This capacitance C 
0 
is sho~m in Figure 4.8 and because it would de-tune the second 
harmonic filter it must be 'balanced' by the inclusion of an inductive 
reactance shown as ~. 
Figure 4.8 
It can be deduced that the current must be in phase with the emf 
generated by the diode and the value of ¢ must be -90°. 
The value of C is given by, 
0 
jbVlO f.j_ = (-2bwQ10 /-90o) (-j 2w~ ) 
0 
from which 
QlO 
c =-A-
0 
The inductive reactance ~ required to maintain the tuning of 
the filter Ln the output circuit is shown to be 
(4 .30) 
(4 .31) 
(88) 
The final output equivalent circuit is shown in Figure 4.9. 
·__j~~ r~~2w 1 
-j2bw Q10 
Figure 4.9 
Then, equating emf to current times load resistance, g1ves 
and finally 
2 
a b: = 
Equation (4.32) 1s an important relationship between a and b 
and~· 
The input equivalent circuit 
(4.32}_ 
The input equivalent circuit may be derived by considering equations 
(4.25} and (4.27) and using the value for¢ which has been recently 
determined. 
(89) 
Figure 4.10 
Input Equivalent Circuit 
t -ja vlC 
t 2ab v20 
0 One of these voltage components lags by 90 on the input current 
and this is due to the input capacitance CIN" The other component 
represents the resistance reflected into the input circuit due to 
the dissipation of load power. The source impedance must be assumed 
to have an inductive component x1 so that the input filter is not 
de-tuned. The input equivalent circuit has the final version as 
shown in Figure 4.11 
~I aw QlO ):::- lr· v1o =------ CIN " + ja vlO TIM 17 
~~ ~ r-· ·zo 
Figure 4.11 
Input Equivalent Circuit-final version 
{90) 
The input capacitance and reflected resistance are given below. 
1 
-jaVlO = awQlO (-j ) 
wCIN 
---,.. (4.33) 
(4.34) 
Substituting from (4.32) into (4.34) results in 
2b~ 4b2~ 
2b -2-- 2 (4. 35) 
a a 
The power relationships 
The power in the output circuit may be written, us~ng the diagram 
of Figure 4.9, as 
or 
or 
P = a v20 
[ 
2" ~2 
L J2 
2" 
a v20 
p = ( ) 
L .[2 
4" 2 
1 _ a v20 
1). - 21). 
2bwQ10 (: ) = [2 
The power in the input circuit can be expressed in terms of the 
reflected load ~~ and as the diode is assumed loss-free the formulae 
derived in this ~vay should be identical with those given in (4.36), 
(4.37) and (4.38): this is shown below 
A 2 2 2" 2 
p = r awQlol I = a w QlO 
IN [ J2 J 1). 2 
(4.36) 
(4. 37) 
(4.38) 
(4.39) 
(91) 
awQlO 2abv20 2 " " PIN~ ( ) (: ) = a bwQlOV20 J2 fl 
and 
" 2 4" 2 
tabV20j ~ 2a2b2V202 2 a v20 PIN = a = = 12 ~~ 4b2 11. 211, 
Variations of vav and 'b' with~ 
It is important to be able to find values for vav and 'b' when 
the signal source is applied to the multiplier circuit. 
Figure 4.12 
Consider the circuit of Figure 4.12. 
The input current for the doubler will be, 
Substituting from (4.35) for~~, 
4b2 ~ 
Es = awQlO (Rs + 2 ) 
a 
A further relationship exists between 'a' and 'b' namely (4.32), 
repeated below, 
2" 
a v20 
b = 
(4 .40) 
(4 .41) 
(4.42) 
(4. 43) 
(4.44) 
(92) 
If vb v is eliminated from the equations (4 o43) and (4 o 44) taken 
simultaneously, equation (4 o 45) ~s obtained. 
(4o45) 
This cubic equation in 1 av can be put in the form, 
3 
a = (4.46) 
A graphical solution may be obtained for 1 av as the intersection 
of graphs of the functions F1(a) and F2 (a) shown in Figure 4.13. 
c 
1 equation (4. 46) 
a 
0 1 d 
Figure 4.13 
where 
F1 (a) 
3 
= a (4.47} 
and 
A 2 
F2 (a) 
w
2Q10 Rs~ Es~ wQlO 
= 
- { A 2 }a + { A 2 } 
v2o vzo 
(_4.48) 
Noting that, 
(4.49) 
(93) 
c = 
Values of u au and ubu required to give maximum P1 
An expression for unormalisedu power can be derived from (4.37) 
as 
Obviously the load power increases as both ua' and ubu increase 
and these are always related through equation (4.44). However~ the 
restriction given in equation (4.22) must apply even When PN is a 
maximum. Thus, for maximum swing on the characteristic, a~ b = 1 
may be substituted into (4.52) giving 
PN(with max. signals) s a? (1 - a) 
(4 .50) 
(4.51) 
(4.52~ 
(4 .53} 
Equation (4.53) is plotted on Figure 4.18 (page number 102.) and is 
fotm.d to have the following maximum value 
and this occurs when 
Then. 
a = 0.667 } 
b = 0.333 
P1 (max) 0.148 r10v20 
or 0.143 wQ 10v20 } 
(4 .54) 
(4.55) 
(4.56} 
(94) 
Values of drive and load required for maximum power 
The intercepts vcv and 'd' on Figure 4.13 depend upon~' R5 
and E5 . If any of these quantities change then either c or d 
changes or perhaps both c and d change. HoHever, for maximum power 
3 
a = 0.667 and a = .3 (approx) and by considering the graph of 
F2 Cal~ the ratio 
d d - 0.667 
--
c 0.3 (4. 57) 
By substituting (4.50) and (4.51) into (_4.5J) the following relationship 
is obtained between the drive conditions and the load for maximum power, 
where 
~0 
Swmnary 
0.667 ~R~ - 0.3 = 0 
~0 
---~ 
(4.58)_ 
(4.59)_ 
(a) The maximum second harmonic power which can be extracted from the 
shunt diode doubler circuit LS given by equation (4.56). 
(b} The maximum power is extracted when E5 , R5 and ~ obey the 
relationship given in result (4.58). 
(c) Only certain values of ES' R5 and PL are permitted fur this analysis 
to be valid. They must produce a value of 'a' in the graphical 
solution of Figure 4.13 which does not exceed unity and which gives 
a value of 'b' from equation (A.44) such that the restrictions of 
equation (4.22) are maintained. 
(95) 
' I (d) The input capacitance of the diode ·is given by equation (4.33) 
This suggests that the input capacitance presented by the diode 
is independent of the magnitude of the drive and the load but 
this is modified when a third harmonic voltage is assumed to be 
generated by the diode. 
(el The output capacitance of the diode is given by equation (4.30) 
and is the same result as for the input capacitance~ namely~ 
QlO 
c =-.... -= 
0 
This formula ~s modified when a third harmonic val tage is assumed 
to be generated by the diode. 
4.3.2 Three-term approximation to the diode characteristic 
This analysis is similar to that carried out in Section 4.3.1 but 
in this case the third harmonic of the test spectrum will be taken into 
accotmt. 
The test spectrum is 
(4. 60) 
and the diode characteristic can be expressed as 
.... .... 
V-? VOO + VlOTl(q) + V20T2(q) + V30T3(q) (4.61) 
The normalised charge variation in the test ~s cosinusoida~ i.e. 
q = 
Q10 cos wt 
= cos wt (4.62) 
The doubler circuit is shown in Figure 4.6, ~~d the w~arge on the 
diode has a second harmonic component as shown in 
q = a cos wt - b cos (2wt + ~)_ (4 .63) 
(96) 
Yhe current into the diode is therefore as shown ~n Figure 4.6 
and is 
A 
I = - awQ10 sin wt ? b2wQ10 sin (2wt ? ¢) (4.64) 
The analysis will differ from the previous because more terms will 
be generated in the voltag~ i.e. 
V = v00 + v10T1 {a cos wt - b cos (2wt + ¢)} 
" 
? v20T2 {a cos wt - b cos (2wt + ¢)} 
" 
? v30T3 {a cos wt - b cos (2wt + ¢)} (4. 65) 
which should be compared with equation (_4.23). 
Equation (4.65) can be expanded, as shown in Appendix 4(iii), 
resulting in 
v voo- v2o + 
z .... 2A A 2 
= a v2o + b v2o - v303a b cos ¢ 
" A 3 
+ vlOa cos wt - v202ab cos Cwt + ¢) + v303a cos wt 
A 
" 2 
- v303a cos wt - v306ab cos wt 
" 
- v10b cos cos (2wt + <!J) 
A 2 A 3 
- v306a b cos (2wt + <P) - v303b cos (2wt + ¢) 
3 A 2 
- v202ab cos (3wt + </J) + v30a cos 3wt + v303ab cos (3wt + 2¢) 
A 2 A 2 
+ v20b cos (4wt + 2¢) - v303a b cos (4wt + ¢) 
A 2 
+ v303ab cos (5wt + 2¢) 
A 3 
- v30b cos (6wt + 3¢) (4 .66) 
/ 
{97) 
The terms at fundam2n tall. JExequency a..?]. cit second halC'IIlonic frequency 
shown ATh equations (4.2~) and (4.26) are thws modified to include 
... 
terms dependent upon v3o~ i.e. 
(4.6n 
(4.68) 
The ftmdam:ental and second! harmonic currents are as in Figmre 4.6 
and are given by equations (4.27) and (4.28). The omtput equivalent 
~ixcuit is thus modified d~ to ~he three extra terms in (4.68). 
The output equivalent circuit 
The output equivalent circuit of Figure 4.7 is modified to satisfy 
equation (4.68) and is shown in Figure 4.14. 
4 2 A 
~-j a v20 
Figure 4.14 
The value of C given previously by result (4.30) must now change 
0 
because the voltage across it has been modified. A formula for C can 
0 
be obtained by equating voltage to current times reactance 
(98) 
hence. 
c 
0 
The relationship between 1 av and 1 bv given in result (4.32) is 
not affected by the iithird harmonic terms" in (4 .68}. 
The input equivalent circuit 
The circuit of Figure 4.10 which was derived in the pre~ous 
analysis must be modified due to the extra terms in result (4.67). 
Thus Figure 4.10 could be redrawn as in Figure 4.15. the angle~ 
taking the value -90° as in the previous case. 
~- 3 
-j (avlO + V30(3a ~ 
+ 6ab2 - 3a)J I 
2abV20 t 
Figure 4.15 
" The tcr.:ns :;_n v30 1.n result (4.67) do not affect the reflected 
resistance ~' and results (4.34) and (4.35) are unchanged. The 
input capacitance c1N is modified, i.e. 
~ ~ 3 2 
-J {aV10 + v30 (3a + 6ab - 3a)} 
hence 
QlO 
CIN : -::-,..---:,..-----::2:-----2:::-----
VlO + v30 (3a + 6b - 3) 
: awQlO (- j-1-) 
wCIN 
(4.69) 
(4. 70) 
(99) 
From this point the analysis is no different from that in section 
4.3.1. The power relationships of equations.(4.36) to (4.41) again 
apply and the values of 'a' and 'b' are also unchanged. 
Summary 
(a) The third order term in the characteristic does not make any 
difference to the output power generated at this 2nd harmonic 
or to the required values of R5 , RL and E5 for any required 
output power. 
(b) The only effects are on the input and output capacitances of the 
diode. These are given by equations (4 .69) and (4. 70) which 
are repeated below:-
(4 .691 QlO c = ~----~----~----~----
0 vlO + v3o (6a2 + 3hz - 3). 
(4 .70} 
4.3.3 Four-term approximation to the diode characteristic 
The analysis for this case is shown in Appendix 4(v) and it leads 
to the following results. 
The output equivalent circuit 
Tr~ equivalent circuits of Figures 4.7 and 4.14 will need to be 
modified to that shown in Figure 4.16. A 
-j2b wQ 10 
;::-
t bv10 + v30 (6a2b + 3b3 - 3bl A -j2bw QlO ~ 
t -i [ .ZVzo + ;;4o (4a4 + 6}bz - 4azl J 
· Figure 4 . 16 
(100) 
The output capacitance, C , will be as predicted in Figure 4.14 
0 
and given by equations (4.69). 
However, the relationship between 'av and 1 b 1 developed in 
equation (4.32) will be modified, as, 
2"' 4 6a2b2 - 4a2)} -j2bwQ10 !). -J {a v20 + v4o (4a + = 
2" 4 2 2 2 
a v20 + v4o (4a + 6a b - 4a ) 
~ = 2bwQ10 
The input equivalent circuit 
The equivalent circuits of Figures 4.10 and 4.15 require 
modification due to extra terms appearing in the voltage generators; 
Figure 4.17 shows all the terms at frequency w from equation (8) in 
Appendix 4(v). 
3 3 ~ 
v202ab + v40 (Sa b + 12ab - 8ab) I 
The input capacitance will be as given in (4.70) as it is not 
dependent upon v40 . However, the reflected resistance !).' will be 
modified from the value given in (4 .34). 
.... 3 
v20 2ab + v40 {Sa b 1\' = ------::---------
awQlO 
+ 12ab3 - 8ab} 
(4. 71) 
(4. 72) 
(101) 
If equation (4.72) is divided by equation (4.71) then. 
~i [ " " 2 2 .1 2ab v20 ? v40(4a + 6b - 4)J 
--= !). 
awQlO 
OE' 
(4. 73) 
Hence (4.73) shows the expected relationship between~~ and~· 
The power relationships 
,.. 
The load power P1 will contain the extra terms in v40 compared with 
(4.37). 
or 
(4.74) 
Variations of 'a' and 'b' with- ~. R5 and E8 
The equation (.4.42) still applies to the analysis and if the 
substitution is made for I)_' from equation (4. 7 3) then 
(4.75) 
Now 'b' can be eliminated by taking (4.75) and (4.71) simultaneously 
to obtain an equation relating 'a', E5 , R5 and~ which requires a 
numerical solution by computer. 
Variation of P_ with 'a' and 'b' 
As in section 4.3.1 it can be assumed that the following approximate 
relationship will hold if the charge variation is not to exceed the test 
condition, 
a+ b = 1 (4.76) 
(102) 
The eq1;.ation (4, 76) may be substituted into the load po-wer 
equation (4.74) to obtain P1 as a function of na", 
(4' 77) 
Hence 
~ ~ 
PL = V201 10F3(a) ? V40110F4(a) (4.78) 
where 
F3 (a) 
2 3 
= a - a (4' 79) 
and 
5 4 3 2 F4(a) =- lOa ? 22a - 14a + 2a (4.80) 
The functions F3 (a} and F4 Cal are plotted on Figure 4.18. As the 
function F4 (a) is negative in most of the range 0 ~ a~ 1 it is 
apparent that the load power is reduced by the fourth harmonic term in 
the diode spectrum. The value of F4 (a). at a= .667 is -0.23. 
0.25 
0.20 
-F4(a)~ 
0.15 
0.10 
0.05-
0 0.2 0.4 0.6 0.8 1.0 
Figure 4.18 
Graphs of F 3 (a) and F 4 (a) 
(103) 
S W!!ll:!a ry 
The inclusion of the fourth harmonic term in the diode test 
spectrum has the following effects:-
(a) The load p~wer is reduced as shown by result (4.76). 
(b) If ES and R5 are adj~ted so that a= .667 then the load 
power is given oy~ 
" PL = 0.148 v20r10 - 0.23 v40r10 (4. 81) 
(c} The values of 'a~ and vbv may be found by the simultaneous 
solution of equations (4. 71) and (4. 75). 
4.4 Conclusion 
The analysis has produced some interesting results for the shunt-
diode doubler WhiCh are summarised below:-
(a} The reflected load resistance ~9 due to a load ~ on the 
output circuit is given by, 
(b) 
(4.73) 
The values of ~ av and vov depend upon the load and the drive, 
i.e. ~' RS and E8 • Approximate values for vav and vbv can 
be found using the graphical solution in Figure 4.13 of the 
equation (4.46}. A more accurate solution for 9 av and ~b' 
requires that equations (4.Jl) and (4.75), repeated below, 
be solved simultaneously9 
(4 .71) 2bi10~ 
2A A 4 2 2 2 
= a v2o ? v40(4a + 6a b - 4a ) 
(4. 75) arlO (~ + 
4b2~ 
Es = 2 ) 
a 
There is a maximum value of power which can be extracted at 
second harmonic without over-driving the circuit. This occurs 
when the approximate values of 'a' and vb' are 0.667 and 0.333 
and the load power is then given by (4.81), repeated below, 
(4. 81) 
Ccl The diode presents a capacitance CIN to the input circuit at 
fundamental frequency which varies with load and drive, and 
therefore with 'a' and 'b'. If a third harmonic term is 
included in the diode spectrum CIN varies with drive as 
expressed by equation (4.JO) repeated below, 
(4. 70) 
(105) 
The no-load value of GIN may be written as~ 
GIN (no load) = -~-= 
As the output power ~s increased from zero the input capacitance 
' increases and reaches a maximum value at maximum power of~ 
(d) The output capacitance of the diode G is given by~ 
0 
(4o69} QlO G = ~----~----~----~---0 ~ 2 2 
V 10 ? V 30 (6a + 3b - 3} 
and this has a no-load value of~ 
QlO 
G (no load} = ~--..,.... 
0 
VlO + 3V30 
As the load on the multiplier circuit increases the value of G 
0 
increases and at maximum output power it has the value G10 , 
= -~-= 
(4 0 82) 
(4. 841 
(4 0 85) 
(e) An expression can be derived for the output resistance of the circuit 
in terms of the multiplier circuit parameters vav and 1 bv and the 
derivation is shown in Appendix 4(vi) o 
sho'Wil to he , 
The output resistanc~ R 
0 
and at maximum output power R is therefore 
0 
R (opt) 
0 
(4. 87) 
{106) 
This value of the output resista~ce can be matched in the output 
circuit to the load resistance ~ by the use of an impedance-
transforming technique~ and the maximum possible output pm,rer is 
then obtained. The source should then be chosen to have values 
of E and R ~vh.ich produce the required values of ~a~ and ~ov of 
s s 
2;3 and 1/3 respectively. The source e.m.f. and internal resistance 
should satisfy the condition~ 
(4. 88} 
The effective source resistance could be reduced by transformation 
to as low a value as possible so that less power would be lost in 
the source. 
5.3 
5.4 
(107) 
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5.1 Introdaction 
This chapter uses the method of analysis developed in Chapter 4 
to predict the performance of varactor diode tripler circuits. The 
shunt~diode tripler without idler is analysed in section 5.2 and the 
tripler with idler is dealt with in section ,5.3. The basic circuits 
are shown in Figures 5.1 and 5.4 respectively. 
Each analysis is carried out initially for a diode having a test 
spectrum Which contains only d.c. 9 fundamental frequency and second 
harmonic frequency terms. Then the t~st spectrum is extended to third 
and fourth harmonic terms so that the effect of these terms can be 
evaluated. 
In section 5.4 the results are taoulated with results for the shunt-
diode doubler so that it is easy to compare the three circuits considered. 
(109) 
5.2 Shunt-~iode Tripler Without Idler 
5.2.1 Two-term approximation to the diode characteristic 
This analysis is similar to that followed in section 4.3.1 except 
that the charge variation in the diode will be permitted at fwndamental 
frequency and third harmonic frequency only. The diode characteristic is 
~en the diode is used in the shunt-connected tripler circuit of 
Figure 5. 1 the charge variation is 
q = a cos rut - b cos (3 wt + ~) (5 .2) 
The diode current can be obtained oy differentiating the actual charge; 
hence 
I = - awQ10 sin wt + b 3wQ10 sin (3 wt + ~) (5 .3) 
As before~ the charge variation in the tripler circuit must not exceed that 
for the diode under test conditions so that the following conditions 
must be observed 
1 ~ a ~ + 1 
- 1 ~ b ~ + 1 
- 1 ~ a + b ~ + 1 
3w 
,.. 
r 3 Csin 3wt + ~) 
Figure 5.1 
Shunt-diode tripler circuit 
(5. 4) 
(110} 
The voltage spectrum generated in the circ~it is 
V = v00 ? v10 T1 {a cos wt - b cos (3wt ? ~)} 
(5 .5) 
-:- v20 T2 {a cos wt - b cos (3wt + ~)} 
and this can be expanded to 
? v10 a cos wt 
+ v20 a
2 
cos 2 wt + v20 2ab cos (2wt + ~) 
A 
- v10 b cos (3wt + ~) 
- v20 2ab cos (4wt + ~) 
A 2 
+ v20 b cos (6wt + 2~). (5 .6) 
The voltage components at 1st and 3rd harmonic frequencies in (5.6) can 
be written in phasor form, taking -sin wt as the reference phasor, 
vl = j a vlO (5. 7) 
v3 = + j b vlo a (5 .8) 
11 = a wQlO = a 110 (50 9) 
13 =- 3 bw QlO N = - 3 b L_ Jdl rr::.. , "" l.U ~ \.-' o .&..VJ 
From the expressions for the input and output currents and voltages it 
can be deduced that no power is absorbed at the input because the voltage 
A 
v1 and the input current r 1 are in quadrature. Similarly the output 
e.m.f. v3 is in quadrature with r3 and cannot deliver power to~· 
(111) 
When the diode does not generate a third harmonic under test 
conditions it ca~not be used in this particular circuit as a tripler. 
5.2.2 ~ree~term approximation to the diode characteristic 
The diode characteristic LS 
The charge variation when the diode is connected in the circuit of 
Figure 5.1 is given by 
q = a cos wt - b cos (3wt + ~) 
and the diode current is 
A 
I = - a wQlO sin wt + 3b wQlO sin (3wt + ~) 
or 
I = -a IlO sin wt + 3b IlO sin (3wt + ~) 
The voltage spectrum generated in the circuit is 
V = v00 + V10 T1 {a cos wt - b cos (3wt + ~)} 
} 
+ V20 T2 {a cos wt - b cos (3wt + ~)} 
+ v30 T3 {a cos wt - b cos (3wt + ~)} 
The voltage spectrum of expression (5o 14) can be expanded into the 
(5.11) 
(50 12) 
(50 13) 
(50 14) 
equation containing 22 terms shown in Appendix 5(i)o The fundamental 
and third harmonic terms are 
(112) 
? v30 a
3 
cos 3 wt - v10 b cos (3wt + ~) 
(5.15) 
The voltage components at 1st and 3rd harmonic frequencies in (5.15) 
can be written in phasor form 9 taking - sin wt as the reference phasor, 
as 
(50 16) 
and 
(50 17) 
: where 
(50 18} 
and 
(5 .19) 
The input and output equivalent circuits are developed in Appendix 5(ii)o 
The phase angle ~ is again shown to be -90° and third harmonic terms 
appear ~n the expressions for C
0 
and CIN 
c 
QlO 
= 
0 " 
+ 3b2 v1o + v30 (6a - 3) 
CIN = " 
QlO 
A 2 
+ 6b2 - 3) v1o + v30 (3a 
(5o21) 
(113) 
The equivalent input and output circuits are shown in Figure 5.2. 
A 2 f v303a b 
Figure 5.2 
Equivalent circuit of-tripler 
Variation of qar and qbr with. R,., R and E 
~----~--------------------~~ s 
One relationship between ua' and 'b' can be obtained from the 
output circuit in whicn 
3 A 
- J a v30 = - J 3b wQ10 ~ 
hence 
3 3w QlO ~ b a = _ ___,....;_ ____ _ 
The other relationship comes from the input circuit where 
Eliminating 'b' from equations (5. 22) and (5.23) produces 
2 A 2 R 
s ~} Es ~ wQlO 5 w QlO a = - { a + { A 2 } 
v3o 
2 
v3o 
(5 .22) 
(5. 23) 
(5 .24) 
It is instructive to compare this equation with the similar one obtained 
in the shunt-diode analysis, namely equation (4.46). 
(114) 
A graphical solution can be ootained for equation (5 .24). as shmm 
in Figure 5.3 Where 
and 
c 
1 
E 
s d = ~,--
a + 
1 
-Figure·s.3 
(5.25) 
(50 26) 
(5 .27) 
(5 .28) 
a 
d 
(115) 
The expression for load power given in equation (5,29) can be 
obtained by inspection of Fig~re 5,2 
U~ing the condition specified in equation (5,4) the load power may 
al5o be written as 
or 
The fmction F7 (a) "' 1.5a
3 (1 - al has a maximum. of 0.15$ 
When vav = 0.75 and vbv = 0.25. 
Hence the maximum load power is 
Valt12s of E Rs l!r. to give. mim.wn load power 
(50 29) 
(5, JO) 
(50 31) 
(5.32) 
The point (0.75~ 0.7551» i.e. (0.75 9 0.237) must lie on the straight 
line graph of Figure 5.3~ therefore 
0.237 = - 0.]5 
I 2 R R_ 1 10 s ---r.l 
- ~ 2 ' 
v3o 
Re-arranging equation (5.33)~ the maximum load power occurs when 
R R 
E8 = v30 {0.237 ~0 + o. 75 R;0} 
Where 
=-A-
(5.33) 
(5 .34) 
(5 .35) 
(116) 
Equation (5. 34} can be compared dir~ctly Yvi.th. (4. 58) ; the equations 
are similar in form although the constants are different. 
Summary 
(a} The. maximum third haTID.onic power which. can be extracted from the 
sh~t diode tripler is given cy eq~ation (5.32) repeated below, 
A A 
(5 .32) P L (max}_ = 0.158 V 30 r 10 
(bl The maximum power ~s extracted wfien E
5 
Rs and ~ satisfy the 
relationship given in (5 .34} repeated oelow' 
(c} 
(5 .34) R30 Rs { 0 • 23.7 R__ + 0 . 7 5 p:-} 
-1. 30 
where 
(5 .35) 
Note that there is a restriction on tne value of ~ if d > 1 in 
Figure 5.3. 
Only certain values of E , R and FL are permitted. s s -L They must 
produce values of 'a' and 'c' which satisfy the conditions of 
equation (5 a 4) . 
(dl The input capacitance of the diode is given by equation (5.21). 
(e) 
repeated below, 
(5 .21} 
The output capacitance 
repeated below 
of the diode C is given by equation (5.20) 
0 
QlO (5 .20) c 
0 = ~----~----~----~~---A 2 2 
+ v30 (6a + 3b - 3) 
(117) 
5.2.3 Fo~r-term approximation to the diad~ cnaracteristic 
The diode characteristic is 
~ A A 
V = VOO -:- VlO Tl (q} + V20 T2 (q_) ? V30 T3 (q) + V40 T4 (q). 
(5 .36} 
The voltage spectrum generated ~n the circuit of Figure 5.1 is 
V = V00 ? v10 T1 {a cos wt- b cos (3wt? ~).} 
+ v20 T2 {a cos wt - b cos (3wt + ~)} 
? v30 T3 {a cos wt- b cos (3wt + ~)} 
? v40 T4 {a cos wt - b cos (3wt + ~)} (5. 37) 
The voltage spectrum of equation (5.37) can be expanded into the 
equation containing 48 terms shown in Appendix S(iii); the fundamental 
and third harmonic terms are found to be no different from those given 
in equation (5.15) of the analysis in section 5.2.2. Thus the extra 
term taken in the diode test spectrum does not affect the 3rd harmonic 
output from the circuit, or the input and output capacitances of the 
diode. 
Summary 
The amplitude of the fourth harmonic generated in the spectrum 
., 
when the diode is tested does not appear to affect the operation of 
the tripler circuit in any way. It is noted that many extra terms 
appear in the voltage spectrum at 2nd and 4th harmonic. 
(118) 
-5.3 Shunt-Diode Tripler with. Idler 
5. 3.1 Two-term approximation to the diode characteristic 
The circuit w"i.ll pellilit second and third harmonic .currents to 
flow in the diode in addition to the ftmdamental current. The b.asic 
circuit is sho~m in Figure 5.4. 
~F===~====--=-~==------~~==--------, 
v 2w 
Figure.·5.4 
·snunt diode circuit with.-idler 
In the first instance it will be assumed th.at the diode characteristic 
generates only first and second harmonics when tested witn a cosinusoidal 
charge variation 
Q10 cos wt 
A - cos wt c.s .38) 
QlO 
The diode characteristic can be written as 
(5. 39) 
As second and third harmonic currents are permitted to flow, the 
charge variation on the diode will be 
(5.40). 
(119) 
and the normalised charge \iill therefore be 
q = a cos wt - b cos (2wt ? ¢ 21 - c cos (3wt ? ~3)- (50 41) 
or 
q ~ a cos 8 = b cos (28 ? q, 2) - c cos (38 -? rp 3) (5 o42} 
The charge variation on the diode in the multiplier circuit must not 
exceed the test level hence the following conditions apply to the 
values of a~ b and c 
- 1 ~ a sin 8 - b cos (28 + ~ 2 } - c cos (38 + rp 3) ~ + 1 (5 o43) 
An approximate limitation on a~ b and c may be taken as 
-1 ~ a ? b + c ~ + 1 (5. 44} 
The voltage spectrum generated in the diode can be obtained by 
substituting the expression for q of eqation (5o42) into the diode 
characteristic of equation (5o 39) o This is detailed in Appendix 5(v} 
and the terms of frequency w, 2w and 3w and given in equations (5o45) 
(5o46) and (5o47)~ using complex notation to indicate the phase of 
the components with - sin wt being the reference phase 
vl = - ja v10 - j be v2o /~3- $2 + j ab v20 1!..1... (50 45} 
vz + jb v 10 !..12 + j v20 fj_3- j 
2 - (50 46} = ac a v2o 
v3 = + jc v1o IJ.3+ J ab vzo LJ2 (5. 47) 
(120) 
The currents in the three or~"lches are ontained by differentiating 
equation C5o40) with respect to time giving the following expressions 
~ 1 = - aw Q10 sin wt 
I = 1 aw QlO {50 48) 
and 
iz = ? b 2w QlO sin (2wt ,fo iP2l 
hence 
I2 = - b 2w Q1o lJ.z (50 49) 
and 
i3 = + c 3w QlO sin (3wt + q, 3) 
hence 
I3 =- c 3w QlO LJ...3 (5 o50l 
The third harmonic output circuit may be drawn as in Figure 50 5 
A 
I3 = -c3wQ10~3-
Figure -5,5 
(121) 
-IA."'hatever the value of ~ 3 ~ the voltage generator j c V 10 1..13 
is .always in quadrature with the current and hence can deliver no 
power; it is in the correct phase to represent the voltage across 
the o~tput capacitance of the diode~ c03 . If the values of ¢2 and 
<P 3 are taken as - rr/2 (as in previous· cases) tne circuit of Figmre 
5.5 produces no outpmt power and cannot obey circuit analysis laws. 
A possible solution wo~ld be for the component R3 to be a pure 
inductance but this would de-tune the third harmonic filter. It 
is proposed to repeat the analysis with. a third and fourth harmonic 
term in the diode diaracteristic. 
5 .3. 2 Three-term approximation to the diode characteristic 
The diode characteristic is 
... ... 
v = voo + v10 Tl (q) + vzo T2 (qJ + v3o T3 (q} (5.51). 
When the normalised charge variation of equation (5 .521 is substituted 
into (5 .51), extra terms are generated in the voltage spectrum as 
detailed in Appendix S(vi) and listed in equations (5.531, (5.54) and 
(5 .55) below. 
... 
v 1 =- ja v 10 - j2 be v20 LJ. 3 ::::_j2 + j2 ab v20 !J.2 
+ v30 [ + j3a- j3a3 - j6ab2 - j6ac2 + j3a2c Li3 + j3b2c illz....=...13l 
-(5. 53) 
+ J"3b3 1m 2 + J·6a
2b 1~ 2 + J·6~c2 '~ J"6abc '~ ~ J L! L!. \1} w:: 2 - u 3 ..::...:t.z (5 .54) 
(122) 
The equation (5.55) may be ~ed to re-draw the equivalent third 
harmonic circuit of Figure 5.5. Ass~ng~ as in previo~s cases~ 
that ~ 2 and ¢3 are both - n]2 then the equivalent circuit is as 
shown in Figure 5.6 
2A j3ab v30 
Figure 5.6 
1 ~ = ~3w=c:c==0~3 
Third harmon~c output circuit 
From equations (5.55) and (5.50) 
, 
.I. 
- 3c C'L.2 1 + VIJ Cj 
~~--= --------------~~------------------------3w c03 
hence 
QlO 
co3 = ~-~2-ab=--A,----A,---[........,2:::----2=-----=-z -~~ 
vlO + -c- v20 + v30 6a + 6b + 3c - 3J 
(50 55) 
(5. 56) 
(123) 
7he equivalent circ~it at second har.monic frequency can be derived 
from equations (5.54) and (5.49_) and is shown in Figure 5.7 
Figure 5.7 
Second harmonic output circuit 
The capacitance c02 is given by 
hence 
(5.57) 
Power at second and third harmonic 
From Figures 5.6 and 5.7, the second harmonic load power is 
2 ~ 
(a v20 + 6abc v30) 
t/2 
or 
(5. 58) 
(124) 
and the third harmonic load po~~r is 
3 ... 2" A 
p3 
(a v30 3ab v30) (3c r 101 
= 
Jz Jz 
or 
3 (a2 - 3b2} 
,., 
PJ =- ac V30 IlO (5 .59) 2 
The input equivalent circuit 
An equivalent input circuit may oe derived from equations (5.53} 
and (5.48}; it is drawn in Figure 5.8. 
~c 
IN 
Figure 5.8 
Input equivalent circuit 
' 
From the equations (5.53} and (5.48) the reflected resistance is 
2 2 
1 2ab V 20 + v30 3C (a + b ) 
R = --------~---------------
or 
R' = 2b ~20 + ;c (a2 + b2) ~30 
110 1 10 
(5 .60) 
(125) 
The input capacitance of the diode 1..s given by 
1 av10 v 
A A ( 3 2oc v20 v v30 3a -1- 6ab + 6ac - 3a 
2 2 J 
= ,., 
A w-..IN a.w QlO 
hence 
CIN 
QlO 
= 
v1o + 2bc V A [ 2 2 2 J a · 20 + v30 3a + 6o -1- 6c - 3 
(5. 61) 
Variation of w av ~ vbv and v cv with R2___!~ and E5 
Applying KirChhoffs Laws to the three equivalent circuits provides 
A 2 A 2 A 
= 2ab v20 + 3a c v30 + 3b c v30 (5 .62} 
(50 63) 
(5.64) 
Simultaneous solution of the three equations will produce values of 
'a' vbv _and 'c' which must obey the restrictions of equation (5.44). 
Variation of second and third harmonic powers with 'a', 'b' and 'c' 
Equations (5.58) and (5.59) are repeated below 
.... 
2~ 
vzo 110 
- ? 
r2 = a o + bab-e v3o 110 
3 3 9 - 2 
p 3 .:: v 30 1 10 (- ac - .....:.. ab c) 2 2 (5. 59) 
(126) 
If a czrtain relationship exists between ~'a~ and ?ov then P3 ~V'ill 
be zero for any value of c. From (5 .59.) this relationship is 
or 
a = 1..732 b 
If the third harmonic power 1.s- zero the question arises whetner the 
second harmonic power is then at a maximum. This depends upon the 
" " 
relative values of v30 r10 and v20 r10 and if these are of the same. 
order then it is possible that the value of P 2 given by (5 .58) can 
exceed the value of P2 given by equation (4.90). The latter equation 
has a negative fourt~ harmonic contribution and this requires 
investigation in the case where an idler is included and the four-
term approximation is used for the diode Characteristic. 
Summary 
(a) There is no easy approximate solution to the problem of finding 
the currents in the three branches in this case. A numerical 
solution of equations (5 .62) (5. 63) and (5. 64) is apparently required. 
(b)_ If values of 'a~', 'b' and 'c' can be found by a numerical solution 1 
then the power in each circuit can be calculated using (5.58)_ and 
(5 .59). 
(c) The third harmonic power is reduced by the flow of second harmonic 
current and the second harmonic power can be increased if the term 
... 
v30 is comparable to vzo• 
(127) 
(d) The input capacitance CIN is affected by both second a~d third 
harmonic currents and is given in equation (5 .61). The output 
capacitances of the diode at second and third harmonic, c02 and 
c03 ~ axe given in equations (5.57) and (5.56) respectively. 
5.3.3 Four-term approximation to the diode characteristic 
The details of this analysis axe given in Appendix 5(vii} where 
it is shown that the equivalent circuit given in Figure 5.9 can be 
derived. 
Figure 5.9 
Full equivalent circuit 
(128) 
The following expressions relate to tlie quantities shown ~n Figure 5.9: 
... 
R~ ~ ~ZO 2b 
110 
v ~ o2} ~ ... 40 4b (2a2 ~ 3b2 ~ 6c2 - 2} 
110 
... 
QlO 
[f5 Ca~b~cB 
where 
and 
f ( b l = 6b2? 6c2 ~ 3a2 - 3 5 a~ ,c 
f 6· (a b c) = 
4bc (3'62 + 3c2 ~ 9a2 - 2) ~ ' a 
Expressio~s for the second and third harmonic outputs powers may be 
derived as 
3 3 n 2 " " 3 2 P3 = v30 r 10 Cz- a c - T ab cl + V 40 r10 (- 6b c ) 
and the input power (at fundamental frequency) ~s given by 
2 ... ... 3ac r 2 2] p 1 = V 20 110 (a b} + V 30 110 (~ , a + b ) 
Hence, as expected, 
(5 .66) 
(5 .6 7) 
(5 .68) 
(5 .69) 
(5. 70) 
(5. 71) 
(5.72) 
(5. 73) 
(5 .74) 
(5. 75) 
(129) 
5.4 Conclusion 
The analy~is for the tripler circuit without idler gives results 
Which have similarities tvitli those for the doubler circuit. 
The ratios of the peak. values of second harmonic c"U:rrent to 
fundamental current to f1mdamental test current are b:a:l were the 
values of v av and vb v may oe o15tained by solution of the equation (5 .24). 
The approximate values may oe found oy a graphical method shown in 
Figmre 5o3o 
The man.mum third harmonic power is given by the result (5o 32} . 
The output (third harmonic} power only depends upon the magnitude 
of the third harmonic generated in the test spectrum, the magnitudes 
of fundamental, second and fourth harmonics do not directly affect the 
output power, see result (5. 29}. 
The input and output capacitances are dependent upon the fundamental 
and third harmonic amplitudes generated in the test spectrum, see results 
(5. 201 and (5o 21}. 
When an idler circuit is used the analysis appears to show that the 
third harmonic power P 3 is reduced Ey the flow of second harmonic current. 
However, the second harmonic power P2 can be increased as indicated in 
equation (5 •. 721 which compares with (4. 83) • When an idler is used the 
third harmonic term V 30 contributes to P 2• 
The input and output capacitances of tlie diode, which cause 
det1..!ni11.g filter circuits, are also dependent upon v10 , v20 , v30 
and v40 when an idler circuit is used whereas with no idler circuit they 
only depend upon v10 and v30 • 
The values of vav 1 b 1 and 'c' require the solution of three 
simultaneous equations, (5 .62} (5 .63) and (5 .64), which should be done 
using numerical methods. 
Table 5.1 compares the results obtained for the three circuits 
considered in Chapters 4 and 5. 
(130} 
.. T 
Shunt~diode doubler Shunt-diode tripler 
Output power ~ ~ 
a
2b p2 = v2or1o p3 "' 
PL A ~ { a2b (4a2 -{> 6b 2 - 4)} 
-{> v40ilO 
~ A I A v v 2 2 V 30 9c2 A20 2[) + A 40 4b 2) 
' 
(2a + 3b - -~ - 3ac : - 2- ~ 
RL (= ~N) 110 110 IlO a 
2 
= 4\~ 
a 
Sirn.ul taneous 
Equations - Zb r 10 1\ = 0 
fn,- a, b ..._. 
---
' 
4!2? 
A A ? ~ E ~ a IlO R - "Jo 3a-c = A A s s ,.... 110 R 110 0 !:. - a - = 
' 
s s a 
! I 
0 
japprox a, b, I 0. 667 Ic i a = a = 0. 75 I ! for P 1 (max) ! b = 0.333 c = 0.25 I ! 
I A A A ~ 
Es A A timated P 1 (max) 0.148 V20I10 - 0.23 v4or1o 0.158 v3o 11o I 
TABLE 5.1 
(131) 
Shunt-diode tripler with second~harmonic idler 
2nd harmonic 
A A 2 A A 2 
P2 :::: v20r10 a b ? v30r10 6ab c 
-~> V 40i 10 { a 2b (4a2 ? 6o2 -~> 
- 4) -~> 6b 3c2} 
i 
i 
I 
I 
12c2 ~ I 
I 
3rd harmonic 
3 3 9 2 c2 a c - Z ab c) 
(- 6b 3c2) 
~ ~ 2b ~ 2 2 2 } h 4b c { 2 2 2 v10 -~>v20 ac+v30 {3a +6b +6c -3 +v407 9a +3b +3c -2} 
QlO 
c 02 = ~ ~ 2 ~ 2 2 2 4 
V -~> V 2=.-~> V {6a + 3b + 6c - 3} + V ~ {3 2 + 9b2 + 3c2 - 2J1. 10 20 b 30 40 b a 
2 ~ h A 
a vzo + v3o 6abc- 2b IlO R2 = 0 
3 A h ~ • 2 h 
a H - v Jao 
- 3c IlO R3 = 0 ·3o 30 
h A A 2 A ? E - a IlO R - v20 2ab - v3o Ja c - v3o 3b-c = 0 s s 
requires numerical solution 
requires numerical solution 
I 
(132} 
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6.1 Introduction 
The design~ construction and testing of practica~ frequency 
multiplier circuits are described in this chapter. The multipliers 
were designed as frequency doublers with the diode in the shunt 
connection as shown in the oasic circ~it of Figure 6.1~ and the 
input and output filters were required to have low impedance at 
fundamental and second harmonic frequencies respectively. 
Input Filter Output Filter 
IF'---~=. r- = = ~ "'1 
1 2 
I 
i I I 
L=-~~--l L=~~--.dl 
Circuit Varactor Load 
Diode Output Circuit 
s 
1' 2' 
Figure 6.1 
One objective of the investigation was the assessment of the 
merits of the series-tuned cavity as a component in frequency 
multiplier circuits. This form of filter was therefore used in the 
multiplier circuit as represented in Figure 6.2. Each cavity consisted 
of a length of short-circuited transmission line with a series tuning 
capacitor at the input and an output tapping near the short-circuited 
end. In Figure 6.2, c51 and c52 are the series tuning capacitors of 
the input and output cavities respectively. 
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It had been intended that the cavities would be constructed in 
both coaxial and microstripline forms but it was quickly decided, 
however, that multipliers employing microstripline technology would 
be the main line of inve:_stigation as these were more easily, quickly 
and cheaply made rather than the type which used coaxial cavities. 
Microstrip multiplier designs are described in section 6.3 and details 
for a proposed coaxial.multiplier are given in section 6.4. In general, 
only frequency doubling circuits were investigated. 
It would be iu~tructive to attempt to verify the predicted results 
summarized in the conclusion of Chapter 5 regarding the performance of 
shunt-diode multiplier circuits. This investigation however, required 
more than the available time and thus a series of tests. was carz-ied 
out which gave an indication of the correctness of the theoretical 
predictions.· 
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6.2 General ~est Procedure 
When a multiplier was connected between a signal source and a 
load~ as represented in the circuits of Figures 6.1 and 6.2, the 
variables external to the multiplier were th~ e.m.f. and internal 
resistance of tr~ source and the load resistance. The input fundamental 
current was assumed to be a fraction "a" of r10 ~ where the latter was 
defined as the amplitude of the fundamental current supplied to the 
diode under the spectrum test conditions. The second harmonic current 
delivered to the load, and, incidently, also passing through the diode, 
was assumed to be 2br10 where the parameter "b" was actually the ratio 
of the second harmonic charge variation to the fundamental charge 
variation during the spectrum test as defined in equation (4. 20}. 
The total current flowing in the diode was assumed to cause a variation 
in cnarge not greater than that in the spectrum test, and was expressed 
as, 
1T I "" -ar10 sin wt + 2br10 sin CZwt - }2) (6 .1) 
as derived in section 4.3.1. 
The parameters "a" and "b" could be called the "multiplier circuit 
parameters" and they were shown to play an important role in the operation 
of the multiplier. The second harmonic load power PL had been shown in 
the theoretical analysis to depend upon these parameters as, 
where v20 was the amplitude of the second harmonic of the voltage 
spectrum generated in the diode under test conditions in whi~ the 
diode current is -r10 sin wt. 
fh .,, 
\..~ •"-J 
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The values of the multiplier circuit parameters depend upon the 
source and load and they can be found using the graphical method of 
Figure 4.13. The maximum load power PL (max} was predicted to occur 
at a particular pair of values of 11 a 11 and "on given by~ 
a = 0.667 (6.3) 
b = 0 •. 333 (.6 .41 
(6 .5) 
The practical tests on the multipliers were required to show that 
the values of the multiplier circuit parameters varied in accordance 
with the predictions given by the graphical solution to the equations 
A 
relating "a" and "b" to E5 , Rs and ~· It was difficult at the 
frequencies used to provide source and load resistances of any value 
other than son except by incorporating impedance-matching circuits within 
the multiplier. Thus all the series-tuned cavities were designed with 
so-n transmission. lines and impedance transformation was used between 
.... 
the cavities and the diode. With the effective values of E and R 
s s 
remaining constant, the value of "a" was expected to decrease from 
unity as ~was reduced from infinity, i.e. as the loading was increased. 
The value of "b" was given by, 
b . .:: (.6 0 6)_ 
and this was expected to increase as the value of ~ was reduced. The 
quantity whiCh could be measured was, of course, the load power which 
was g~ven by equation (6.2). At a particular value of ~ the lead 
.... 
power was expected to reaCh a maximum value. 
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6.3 Microstrip Cavity Multipliers 
6.3.1 Design details 
Several experimental shl.l!Il t~diode frequency dow lers were designed 
and tested with input cavities tuned to 1.56 GHz at which frequency 
a 2W solid=state laboratory source was availaole. The connection 
of the diode in parallel with the -microstripline can oe seen in the 
photograph of Figure 6.1. The diode was rigidly clamped in position 
by a fibreglass strip and tlie cavity tuning was acnieved by adjustable 
para11el=-plate capacitors with dielectric consisting of MYLAR sheet 
of thiCkness 50.10-6m. 
The development of the multiplier design is indicated ip. Figure 6.2 
to 6 .J which show the negatives used for the micros trip circuits. 
The particular features of each circuit were: 
(i) Doubler No. llA, Figure 6.2. 
Daub ler with no impedance matching. 
( .. ) .l.l. Doubler No. 12, Figure 6.3. 
Doubler with impedance matching for 25~· in the output circuit 
by means o.f a quarter-wavelength transformer. Extra connections 
have been provided at input and output so that the input and 
output cavities could be independently tuned. 
(iii} Doubler No. 13, Figure 6.4. 
Dc':lbler with impedance matching to present 25~ to the diode in 
both input and output circuits by means of quarter-wave length 
transformers. Input and output cavities could be independently 
tuned before connection to the diode. 
(iv) Doubler No. 14, Figure 6.5. 
Doubler with impedance matching to present 20~ to the diode in 
both input and output circuits by means of quarter-wavelength 
(138) 
transformers. L~put and o~tpwt cavities could be independently 
ttmed before connection to the diode but the output cavity lvas ~ 
in fact~ connected in the wrong direction. 
(v) Doubler No. 14A~ Figure 6.6. 
Doubler with 20S"l values for ~ and R
5 
similar to design No. 14 
but with output cavity in correct direction. 
(vi} Doubler No. 15~ Figure 6 . .7. 
Doubler arranged so that single-stub matching may be used for 
impedance matching in the input and output circuits. Input 
and output cavities could be independently tuned before connection 
to the diode. All microstriplines have characteristic impedance 
of son. 
6.3.2 Practical results 
The results of measurements made on the doublers are shown in 
Table 6 .1. Test 1 in the table gives the output powers with the cavities 
separately tuned to the input and output frequencies of 1.56 GHz and 
3.12 GHz respectively, and test 2 was with the tuning capacitors adjusted 
for maximum second harmonic output power. Further tests were carried 
out for some of the doubler circuits in order to assess the effects of 
the settings of the tuning cap:acitors. The circuits were fed from the 
2W solid-state source through an attenuator and the output power was 
measureJ using the attenuator on the spectrum analyser. 
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I != Do'lLbler Test Circuit Number I 
il llA 12 13 I 14A 15 
Input at f (dBml ?27 ?30 +30 +30 ?30 
0 
Output at 2f (dBm) 
I 
-10 0 ?9 ?7 -7 
0 
i TEST Output f (dBm} =3 -5 ?4 ! 1 at vl v1 ii 0 I 
ji CIN (divisionsl 
I 
+2 -2 ?1.75 +2.1 ?2. 75 
I 
co (divisions) 0 +3.5 -1.5 -2 -3 
Input at f (cmml +27 +30 +30 +30 
0 
Output at 2f (dBml 
0 
-8 8 ?15 +12 
TEST Output at f (dBml -5 12 +13 +29 2 0 
CIN (divisions). +1.5 +. 7 -L6 0 
co (divisions}_ +1 +2 -1.1 0 
Input at f (dBm)_ +27 +30 
0 
Output at 2f (d.Bml +7 vl3 
0 
TEST Output at f (dBml -!-4 +23 3 0 
CIN (divisions) +1.5 +2.1 
co (divisions) +1 -1.1 
Input at f (dBm) +33 
0 
Output at 2f (dBm) -7 
0 
TEST Output f (dBm) +4 4 at 0 
CIN (divisions) +1.5 
c {A.; '"IT.:~·.;,...__~\ 0 
+- ,_ '• 
' 
Table 6.1 
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COl1iXI12nts~ 
(i) Doubler No. llA. 
The lengths of the cavities were found to be incorrect on this 
design which was the first circuit to use 1.56 GHz as the input 
frequency. The microstrip width was~ by mistake~ not increased 
to that needed for the Duroid suostrate which was used in place 
of the fibreglass previously employed at lower frequencies. 
The input and output cavities were separately tuned by cutting 
gaps in the copper striplines witn a sharp blade and using silver 
conducting paint to make necessary connections; the swept-
frequency responses are snown in Figures 6.8 and 6.9. 
The second harmonic output power was very small presumably because 
there was no impedance matching in the circuit. There was a 
relatively large output component at f due to the poor performance 
0 
of the cavity filters which. are not working between Son impedances. 
This circuit had microstriplines of characteristic impedance 65n. 
(ii) Doubler No. 12. 
The results were improved relative to th.ose of doubler No. 11 but 
the ou~put power was much lower than required. 
(iii) Doubler No. 13. 
The quarter-wavelength. transformers were designed to match from 
son to 25n, and the results showed some improvement but the 
second harmonic output was not sufficiently large. Later tests 
on doubler 14A showed that very fine tuning adjustment was required 
~n order to obtain the best output, and it was possible that larger 
output powers were availaole from this circuit. 
/ 
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(iv) Doubler No. 14. 
This was designed but not completed as the output cavity aas 
in the urong direction. 
(v) Doubler No. 14A. 
This was the re-design of do~nler No. 14 with impedance matching 
of son to 20n. The diode was mounted in the 2on microstripline. 
A standing wave test aas carried out on this doubler using the 
circuit represented in Figure 6.10 and tlie standing uave patterns 
were as shown in Figure 6.11. 
It was found that careful adjustment of the tuning capacitors 
could produce an output of +15 dBm which. was greater than p1revio1JLSly 
obtained. As the output power was increased the SWR measured on 
the slotted line. decreased as expected. 
(vi) Doubler No. 15. 
This doubler was designed with all microstriplines having SOil 
characteristic impedance. Tests 1 and 2 were then made in the 
usual manner except that the SWRs were also measured, giving 
results of 36 and 15 respectively. 
An open-circuit stub was then painted onto the circuit us1ng 
silver conducting paint to provide impedance matching using the 
"single stub matching" technique. 
The so-n stub was at a position 1.3 em from the diode on the 
output side and a stub length of 0.55 em gave max1mum output 
at 2f . However, the output obtained was only -S dBm and the 
0 
SWR was 30. 
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~est 2 showed that the cavities co~ld be tuned so that a second 
harmonic output power of ?12 dBm could be obtainedliut this was not 
valid as tile filters were also allowing the funda.m.2ntal frequency input 
po~er to appear at the output. As the input power contains YlO dBm of 
second harmonic~ the output power should be considerably higher than 
this~ for example~ in the range 20 d.Bm to 30 dBm. 
The stub matching was not successful in this case; the length of 
stub required might be expected to be more than a quarter-wavelength 
whereas it appeared to require a very short stub to improve the output 
power. Stub matching should be possible but apparently not by the 
technique used here. 
(143) 
6. 3. 3 S';Jl!!!Uary 
(i) It was found tliat the cavi. ty tuning capacitors required adjustment 
from their initial settings when each doubler circuit 't--Tas tested. 
This was expected as tlie diode acts as a capacitance in b.oth the 
input and the output circuits. 
(iil The second harmonic output power P2 was measured for the following 
transformed values of ~ and Rs: 
(i .. ) 1.1. . 
~ = 2sn, Rs = 2Sn; P2 = +9. dBm 
R._ = son ft R = son· P < o dBm 
--r, ' s ' 2 
These figures show that changes in ~ and Rs with Es constant 
produce changes 1.n the multiplier parameters "a" and "b" which 
are measured as changes- in P 2 . Oovious ly, more e:xtensi ve testing 
is required to verify the theory of Chapter 4. 
Stub-matching technique requires further investigation as a method 
of impedance matching to produce a good transfer of power from the 
source to the load. 
{144) 
6.4 Coaxial Cavity Multipliers 
6.4.1 Introduction 
1be design of coaxial cavity multipliers has been detailed in 
various technical application notes from manufacturers such as 
Motorola Semiconductor Products Incorporated and Hewlett Packard 
Ltd (references 10 and 261. Tfiese designs have used the transmission-
line cavity as a tapped parallel-tuned circuit with input and output 
tappings as shown in Figure 6.12 so that filtering and impedance 
transformation are achieved togetlier. 
An oojective of this project was the inves.tigation of the use of 
series-tuned coaxial cavities in frequency multipliers, and a preliminary 
desigu is discussed in the next section of this report. Series-tuned 
cavities had been used successfully in coaxial multipliers by KULESZA 
(Referen"ce 17 ~ 19671. wfio re.ported an efficient multiplier chain giving 
multiplication oy a factor of 144. Tlie matching between the·· diode and 
coaxial cavities in his circuits was implemented where possible by 
capacitative transformers and this gave an overall efficiency of 2.5% 
which at the time HaS an excellent performance for SUCh a high 
multiplication factor. In view of this previous work, this thesis 
has concentrated upon implementing the series cavity circuits in 
microstripline. 
6.4.2 Design details 
A preliminary design for a coaxial multiplier is shown in the 
photograph of Figure 6.13. The input and output cavities were designed 
_to have series resonant frequency of 1 GHz and 2 GHz respectively, and 
the outer conductors were of square cross-section which is the usual 
practice. The diode was situated in a hole through the piece of white 
insulator (P.T.F.E.) in Figure 6.13 to connect between the outer of 
the cavit.y and a brass disc inner conductor which was set into the middle 
(145) 
of the insulator. Pro6es connected the N-type input and outpat sockets 
to the centre threaded conductors of ~lie cavities by means of springy 
strips of brass. The threaded centre conductors form tuning capacitances 
~1ith tlie disc in tlie wfiite insulator and the capacitances are held at 
fixed valtr.2s 'by tightening die knurled lock nuts. 
WEen the diode was: replaced fiy a direct connection so that each 
cavity could lie separately tuned to the desired frequencies, it was 
found that a cavity could only oe tuned wnen the inner conductor of 
the other had fieen almost completely removed. Thus this particular 
design was afiandoned. 
It was obvious that the two cavities should fie completely screened 
from each. other by the insertion of an earthed plate in the position 
occupi~d by the diode in Figure 6.13. The cavities might be more easily 
designed if positioned side-oy-side rather than back-to-back and a 
proposed design is shown in Figure 6.14. However, this design was not 
produced because experimental microstripline circuits were far easier, 
cheaper and quicker to produce and therefore the microstrip designs 
were pursued with the greater vigour. 
(146) 
6. 4 Conclusion 
Frequency doublers using varactor diodes in microstripline circuits 
with series-tuned cavities have oeen designed. constructed, and tested 
wit~ the objective of verifying the multiplier theory developed in 
Chapters 4 and 5. This type of multiplier circW:t, i.e. microstripline. 
was investigated because tlie development of experimental circuits was 
mu~ easier, quiCker and cheaper than designs which use coaxial trans-
mission lines. 
The tests were required to snow that tile multiplier circuit 
parameters ~a" and "b", and hence the second harmonic output power 
were dependent upon the source e.m.f. E
5
, the so~rce resistance Rs and 
the load resistance ~ in the manner stated in the conclusions of 
Chapter 4. The actual values required for Rs and I)_ for maximum output 
power were not found from spectral tests on the varactor diodes because 
tfri.s was too large a project. It was suspected, nowever, tliat the values 
needed for R
5 
and ~ would, be less dian 100 because impedance matching 
of this order has always- been used in varactor diode multiplier 
circuits. The source and load resistances Rs and I)_ were transformed 
to .several di~ferent values, by means of quarter-wavelength transformers 
·and the second harmonic output power was measured for each case. The 
results are summarised in section 6.3 .3 and it can be seen that 
increasing the transformation ratios N1 and N2 (where source resistance 
2 " 2 is transformed. to R/N1 and load, resista..1ce to ~/N2 ) produced an 
increase in output power. The values of N1 and N2 should have been 
increased until a decrease in the output power was observed as this 
situation is predicted by the theory o.f Chapter 4. However, the 
highest value whicn was used for both N1 and N2 was 1.58 and higher 
values than this becom2 difficult as the stripline width increases. 
(147) 
When the diode vras con!lected Ul parallel between a wide strip 
conductor and the earth plane it was not at all certain that the 
travelling wave could Ee assum~d to arrive correctly at the diode. 
In one case the effect of connecting three diodes ~n parallel was 
investigated out no obvious advantage was noted. 
The. maximum second liannonic power ootained from the microstrip 
doubler was +15 dBm at 3.12 GHz when the effective source and load 
resistances were Eotfi 20n. The actual input power in this case was 
not ~asured out tlie available power from the source was -v-30 dBm. 
It is thought that more output power would have been obtained with 
the "correct" matching~ and that very careful tuning would also produce 
a greater output. Altfioug~ it cannot oe claimed that the theory of 
Chapter 4 lias Eeen ·verified~ mucfi useful experience on the design of 
microstrip douiilers has fi'een ootained. 
A future investigation might make more use of the impedance-
transforming properties of the series-tuned cavity. All the computer 
studies in Chapter 2 were made for a load resistance of son because 
microwave power measurements are usually ·made in a SO-n load. However, 
it is possible for impedance transformation to be achieved in the 
series-tuned cavity and nigher transformation ratios might be obtained 
compared with those in quarter wavelength transformer designs. 
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7.1 rne Analysis of the Multiplier Circuit 
The predictions of the performance of the shunt-diode doubler 
and t:riple:r which materialize from the a11.alyses are SU!llillari:ted in 
Table 5.1 in the conclusion to Chapter 5. Formulae are given for 
the maximum load power from the m~ltipliers in terms of parameters 
obtained from a spectral test on the diode over a specified part 
of its characteristic; the measurement of these parameters is a 
separate problem which is discussed later. The results show that 
there are definite limits to the amounts of power which can be 
converted to second and third harmonic output power and that these 
are dependent upon the parameters V 20 and V 30 • These parameters 
are the amplitudes of the second and third harmonic voltages generated 
by the diode when it is excited by a specified amplitude cosinusoidal 
cnarge variation at fundamental frequency~ and they are dependent 
upon the degree of non-linearity of the diode characteristic. Other 
researchers have stated that all the input power may be converted 
to output power (assuming zero losses} if a complex conjugate impedance 
match is used at the input (reference 18}. However, this last state-
ment does not mean that the available power from the source can all be 
converted to a particular harmonic power. 
The second harmonic output power from a doubler is theoretically 
diminished by the presence of a fourth harmonic in the diode test 
spectrum and it is probable chac similar results would be obtained 
for a tripler circuit in which the third harmonic output power would 
be decreased by any sixth harmonic appearing in the diode spectrum. 
This reduction in output power due to higher harmonic terms ~n the test 
spectrum LS caused bythe production of an output e.m.f. which is in 
antiphase with the "principal" output e .m. f. Hence the analysis predicts 
(160) 
that a 11basic" doubler ~v-ould produce more output pmver if the test 
spectrum of its diode di&- not contain fourth harmonic. 
Note that this assumes that a fourth harmonic current is not allowed 
to flow anywhere in the circuit. 
A number of other researchers (e.g. reference 16) mention that 
only the second harmonic is present if the diode characteristic has 
the parameter y = ! ~ and this· agrees 'rith one of the conclusions of 
Chapter 5 -wilich predicts that a "basic" tripler circuit will produce 
zero output if its diode test spectrum has no harmonics higher than 
the second. When an idler is used with the shunt-diode tripler the 
analysis of Chapter 5 indicates that the third harmonic power may be 
less than for the basic tripler circuit. It also proposes that the 
second harmonic output power can be greater when a third harmonic 
idler.is used than for a basic doubler circuit. Results from other 
researchers have always indicated that the output power is always 
increased by the use of idlers in that the currents of the two 
frequencies are said to mix in the non-linear characteristic and 
produce power at the required sum or difference frequency. The 
present analysis shows that this may not always be the case and 
further investigation is required. 
The effects of the diode capacitance on the de-tuning of the filters ~n 
the input and output circuits are included in the analysis. To a first 
approximation the input and output capacitances are both equal to the ratio 
of the test charge amplitude Q10 to the fundamental component of the voltage 
generated during the spectrum test, v10 . This value, symbol c10 , is 
also the output capacitance on no-load when terms up to the fourth 
harmonic are included in the diode test spectrum. However, for such 
a test spectrum the input and output capacitances of the diode will 
( 161) 
va~ as the multiplier output power changes. As the output power is 
increased from zero (i.e. no load) the input capacitance increases 
from c10 and reaches a maximum value at maximum output power. The 
output capacitance has a no-load value Which is lower than c10 and 
it increases as the output power is increased until it reaches the 
value c10 at maximum output power. Tlie results imply that the 
output filter would require no re-tuning if the multiplier were 
required to operate on maximum output power. It is noted that the 
input and output capacitances depend only upon the fundamental and 
third harmonic terms in the diode test spectrum in the basic doubler 
and tripler circuits. In the case of the tripler with second-
harmonic idler all the harmonic terms of the diode test spectrum 
appear in the formulae for input and output capacitance (see Table 
50 1} 0 
The results predicted for multiplier operation by the analysis 
are difficult to prove due to the practical problems involved in 
finding tlie test spectrum for the shunt-connected diode. It is 
possible to measure the spectrum of currents for a reverse-biased 
diode driven by a sinusoidal voltage and this would give the parameters 
required for use in the analysis of the series-diode multiplier. If 
the C. -V characteristic of the diode could be calculated from the data 
~ 
in the "series spectrum" then it should be possible to generate the 
"shunt spectrum" for the diode by a mathematical method. This has not 
yet been attempted and might form part of a future investigation. 
The multiplier circuits analysed in this report have been circuits 
in which very little forward current is allowed to flow ~n the diode. 
Hence the "overdriven case" has not been considered and this is 
unfortunate in that it generally gives higher output power and efficiency 
(162) 
compared with multipliers which generate harmonics due to the non-
linearity of the reverse-biassed part of the diode characteristic. 
In the analysis given oy Hamilton and Hall (reference 09) the 
varactor diode is used as a narrow-pulse generator which gives an 
output rich in high-order harmonics of the input frequen~y. In 
ox-der to apply tlie present method of analysis the diode would 
require a spectrum test under conditions in which step-recovery 
action occurs. In this case the spectrum would probably contain 
sine. ana cosine terms and thus the phase of each component would 
require to Ee measured. These terms would complicate the analysis 
as they would give rise to Cheoyshev Polynomials of the second kind 
l.Il the diode characteristic. TJ:ie first kind and second kind 
polynomials are defined as· T (e} = cos (n cos -l e) and U (.e) == sin 
n n 
(n cos-l el respectively and their inclusion in the characteristic 
will lead to many otlier terms in the multiplier circuit equations. 
Th.us the results might fie too camp lex for interpretation and it 
might be necessary to evaluate them using the computer in which 
case the method would have no advantage when compared with a numerical 
analysis which starts from the diode characteristic. 
In all the theoretical work in this report the series resistance 
of the varactor diode ana the losses in the filter circuits have been 
ignored. This has been done to simplify the analysis so that the 
important prohJem nf impedance matching would not oe ooscured. 
Obviously the usual requirement in diode multipliers is for maximum 
output power when driven from a specific source, and the main achieve-
ment of the present analysis is that a method is proposed by which 
this can be accomplished. The output resistance R has been shown 
0 
in Chapter 4 to depend upon the multiplier circuit parameters 'a' 
~ ~ 
and 'b' and the ratio v2o1r10• When the circuit operates at maximum 
(163) 
power the output resistance has its optimum value, R (opt), and this 
0 
A A 
has been evaluated at 0.833 v2a1r10 • For operation at maximum output 
power the load resistance ~ should be matched to R_(opt) by 
~ u 
impedance transformation and the source e.m.f. and internal resistance 
should then be chosen to give the required values of the multiplier 
circuit parameters "a" and "b". The value of source resistance R 
s 
can be transformed to match the input resistance of the circuit and 
the value of E must then oe adjusted to obtain the correct values of 
s 
11 a" and "E". 
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7.2 Practical Multiplier Circuits 
Tne design of the practical multiplier circuits shown in Chapter 6 
was developed using the series-tuned cavity as the basic filter circuit. 
The computer-plotted graphs of the performance of the cavity had been 
plotte-d for operation bet'Ween a source of 500 and a load of 500 ~ and 
thus· in the multiplier circuit the cavity was again expected to work 
between 500 resistances, and impedance transforming circuits were 
inserted Eetween tlie cavities and the diode. The shunt-connected diode 
multiplier was cliosen Eecause it was easier to mount in the microstrip-
line circuit . 
Two types of impedance transfonming circuit were investigated in 
the multiplier circuits, namely~ the quarter-wavelength transformer 
and single stuE matching. Of the two the former appeared to be the 
.IllOre promising and it was also easier to design. The variables in 
single stuonatcliing are the position and length of the stub and it 
was impossiole to calculate the required values of these on both 
input and output sides of tlie diode. It was also very difficult to 
adjust the four variao1es b.y "trial and error" to attempt to obtain 
\ 
efficient harmonic generation. The quarter-wavelength transformers 
were mucli simpler to design as they consisted of a length of line 
of characteristic impedance z12 whiCh. could be found fromjz 1.z; 
where z1 and z2 were tne impedances which were to be matched. The 
lengths of these sections were required to be a quarter-wavelength 
at the relevant frequency i.e. 3.12 GHz ~n the output circuit and 
1.56 GHz in the input circuit. 
Several impedance transformations were made us~ng the quarter-
wavelength transformer technique and the output powers obtained from 
the circuits showed an increase as the transformation ratio increased. 
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The maximum transformation used was from 20S1 to son with. the diode 
in the 2D-S1 microstripline. Any further decrease in the impedance 
of the line containing the diode was not carried out as tlie width 
of the line was becoming excessive. It was considered that a single 
diode of the 11pill 11 form might not be properly fed from a wide micro-
stripline. and this needed f.urther investigation which was curtailed 
due to lack. of time. One technique. which was tested involved the 
connection of three varactor diodes in parallel across the wide 
2Q-S1 microstripline but tli.is appeared to make no improvement. A 
method is perhaps required oy whi~ the output circuit transformation 
ratio is continuously variable and the values of E and R are also 
s s 
separately variable; in the tests carried out here the effective 
values of E and R were both dependent upon the transformation 
s 5 
·ratio N1 • A particular fixed source having emf and internal 
resistance E and R respectively becomes an effective source of 
s s 
emf Es)N1 and re~istance R5)N12 and has the same available power. 
One method of changing the available power would be to use attenuators 
between the source and the multiplier circuit and it would also be 
possible to use a microstrip power splitter to drive two doubler 
circuits ~n parallel, or push-pull. 
One difficulty that was noticed with the circuit used here was 
the poor selectivity apparently achieved by the output cavity. When 
the output cavity was separately tuned to the second harmonic frequency 
of 3.12 GHz (i.e. before connection in the multiplier circuit} the 
multiplier output at fundamental frequency was usually at least 
6 dB below the second harmonic output, but when the cavities were 
re-tuned for maximum second harmonic output the fundamental output 
was also considerably increased. It must be concluded that the 
(166) 
series-tuned c_avity is a diffi~ult component to use in the m12.ltiplier 
circuit due to the fact that the impedance presented to the cavity by 
the diode is a value Which ~~n change considerably if the circuit 
conditions vary. This variation in impedance 'i;JOuld also~ of course~ 
degrade the performance of most other filter circuits. 
There were considerable difficmlties in converting the theoretical 
multiplier circuit into a practical design but the experience gained 
during the project is invaluable and it is felt that the foundations 
liave been laid for the design of microstrip series-tuned cavity 
multipliers. However~ if high output power ~s the main consideration 
then the step-recovery type of multiplier could need to be given more 
attention, and the microstrip parallel-tuned cavity should also be 
investigated. 
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7.3 Future Developments 
' An important investigation which was not made due to laCk of 
time was the measurement of the parameters v10 ~ v20 ~ v30 etc for 
the diode. One method of finding these parameters which may be 
used in the future would involve the multiple reflections which 
occur when the diode terminates a slotted line i-Jhich also has a 
mismatch at the generator end. In this case standing waves exist 
on the slotted line at fundamental and harmonic frequencies and 
from their measurement the spectrum generated in the diode may be 
calculated. This method could be used to cheek the measurement of 
the spectrum of the series-connected diode which can be obtained 
by more conventional means. 
It would be useful to investigate the performance of the series-
tuned cavity with load resistances having various values in the range 
lQ to 20Q. This would entail computer calculations which would give 
the filter frequency response of the cavity when matching the 50-Q 
source or load to the diode impe.dance. 
Other practical objectives which should be pursued include the 
verification of the results predicted for the operation of the 
multiplier with idler. This might be rather easier than the 
verification of the basic multiplier circuit operation as the second 
harmonic output could be observed, for example, as the third harmonic 
load was v:1ried, 
Further theoretical work would also be useful on the subjects 
covered in this project. One such topic 1s the connection between 
the "series spectrum" and the "shunt spectrum" of a diode, as mentioned 
in.section 7.1, which would be useful for deriving the latter from the 
former which happens to be much more easily measured. 
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The application of the method of analysis to the "overdriven 
case"~ which has also been discussed in section 7,1 ~ might~ if 
successful~ yield useful results on the impedance matching which 
is needed in step-recovery multiplier circuits. Another application 
for the analysis is the multiplier circuit which uses either the 
silicon or gallium arsenide avalanche diode~ a relatively recent 
circuit which is used for multiplication in the range 10 GHz to 
100 GHz. When multipliers are used in chains the load presented 
by the second stage on the first stage obviously affects the operating 
conditions of that stage and vice versa. The problem here is to 
operate. both stage~ in the best conditions so that the. final output 
power reaches the desired level. The interdependence of the two 
stages could be responsible for the generation of sp-urious frequency 
components and an investigation might discover the mechanism-by which 
they occur. Thus the analysis could produce some very usef.ul results 
but the full verification of doubler operation should first be made. 
(169) 
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APPENDICES TO CHAPTER 2 
2 '·1·) L" f '- 1 '\.- 1st: o sym~;;~o .. ~ A2 
(A2) 
A:~peuclix 2 (i) 
Lis-e of Symbols 
Note t:ila~ in a few cases a symbol has been used for more than 
one parameter~ but this does not cause confusion as it is always clear 
which parameter is meant from the cont~t in which it is found. 
l. 
2. 
3(i) 0 
3(ii) 0 
4(i). 
4(ii) 0 
5. 
6. 
7. 
8. 
9. 
10. 
A 
A 
c 
a 
a 
b. 
b 
c. 
1. 
c 
m 
c 
0 
c 
0 
Ratio of DP to DC 
Plate area of tuning capacitor for co~al cavity 
Radius of inner conductor in coaxial transmission line 
Ratio of the fundamental charge variation in the diode 
in a shunt multiplier circuit to the fundamental Charge 
variation used in finding the test spectrum of the diode 
Radius of outer conductor in coaxial transmission line 
Ratio of the second harmonic charge variation in the 
diode in a shunt multiplier circuit to the fundamental 
charge variation used when finding the test spectrum of 
the diode 
Input capacitance 
Incremental capacitance of varactor diode 
Capacitance per unit length of transmission line 
Output capacitance 
Incremental capacitance of diode at V = zero 
a 
Output capacitance at 2nd harmonic frequency 
lL 
13o 
14(i)o 
14(ii} 0 
15 0 
16. 
17 0 
18 0 
19-o 
20. 
21. 
to 
22. 
23. 
24. 
25. 
c 
c 
DC 
DP 
d 
c 
Es 
E2 
E3 
F1 (a) 
F7(a} 
f 
v 
f 
f 
CAV 
f 
0 
(A3) 
Ou~pu6 capacitance a~ 3~d harmonic frequency 
Capacitance of series tuning capacitor at input 
of short-circuited transmission line cavity 
Value of Cs which produces series resonance with 
the unloaded cavity when e has a specific value 
e 
0 
Velocity of eom. waves in vacuum 
Ratio of the third harmonic charge variation in 
the diode in a shunt multiplier circuit to the 
fundamental charge variation used when finding 
the test spectrum of the diode 
Length of short-circuited transmission line cavity 
Distance between position of probe and short-circuit 
end of cavity 
Distance between plates of tuning capacitor for 
coaxial cavity 
E.mof. of signal source 
E.m.f. at second harmonic frequency 
E.m.f. at third harmonic frequency 
0 
Function used in multiplier analysis 
l('.,...o,..'l1.0'1""1 ~ ..... 
.. ·-~-- ..... -J 
Normalised frequency: ratio of f to f 
cav 
Frequency at which cavity is a quarter wavelength long 
Series resonant frequency of the unloaded cavity when 
value of Cs i.s CSN and value of e is e 
0 
28. 
29. 
30. 
3L 
32. 
33. 
34. 
35. 
36. 
31. 
38. 
39.. 
40. 
41. 
42. 
43. 
44. 
f 
0 
G 
G 
m-
h 
I 
n 
i 
0 
L 
L 
m 
log 
ln 
PA 
PL 
pl 
p2 
p3 
Q 
QB 
QBD 
Qd 
(A4) 
· Available power gain; ratio of PL to P A 
Shunt conductance per metr~ lf!ngth of tr;m1m1ission 
line 
ThiCkness of dielectric in microstrip line 
Amplitude of current of harmonic frequency of order n 
Input current producing cosinusoidal charge 
varia~ion for generation of diode voltage spectrum 
Insertion loss in dB 
Inductance per unit length of transmission line 
Logarithm to the base 10 
Naeural logarithm to the base "e" 
Power available from the signal source 
Load po'B"er 
Input power at fundamental frequency 
Load power at second harmonic frequency 
Load power at third harmonic frequency 
Charge 
Bias charge on varactor 
Charge on varactor diode at breakdown voltage 
Total charge on the p-side of diode junction 
45 0 
46 0 
47o 
48o 
49. 
so. 
SL 
52. 
53. 
54. 
55. 
56. 
57. 
58. 
59. 
60. 
61. 
62. 
63. 
Q. ].. 
~ 
Q_,.. 
...... 
q 
RUp 
Ri}p 
~ 
~ 
R 
m 
Rs 
R2 
R3 
R30 
T () 
n 
t 
v 
v 
a 
VB 
VBD 
(A5) 
Ampli~llde of charge of harmonic frequency of oEdeE n 
Open-circuit harmonic charges developed on the 
varactor diode when driven by the test voltage of 
cosinusoidal form 
Normalised charge variation on varac6or diode 
Resistive part of ZIN 
v 
Real part of ZIN ; ra~io of Ri/p to Z
0 
Load resistance 
Reflected load resistance in the equivalent input 
circuit of the diode multiplier 
Series resistance per metre length of transmission 
line 
Resistance of signal source 
Load resistance at second harmonic frequency 
Load resistance at third harmonic frequency 
Ratio of v30 to r10 
Chebyshev polynomial of order n 
Thickness of conductor in microstrip line 
Voltage 
Voltage across the varactor diode 
0 
Bias voltage on the varactor 
Breakdown voltage of the varactor diode 
65. 
66. 
67. 
68. 
69. 
70. 
71. 
72. 
73. 
74. 
75 0 
76. 
.,., 
' ' . 
78. 
<-' 
,_ 
79. 
80. 
81. 
voc 
Q 
voc 
v 
n 
v 
no 
v 
w 
X./ ~ p 
7 
~IN 
z. 1n 
zi/p 
v 
(A6) 
Voltage spectrum produced by varactor diode 
driven by cosinusoidal dfuarge variation 
E.m.f. of Th~venin equivalent circuit 
Amplitude of voltage of harmonic frequency of order n 
Open=circui~ harmonic voltages developed in the 
varactor diode when driven with a cosinusoidal 
charge variation 
Normalised voltage generated in the varactor diode 
Width of conductor in microstrip line 
Reactive part of ZIN 
v 
Imaginery part of z1N ; ratio of Xi/p to z0 
Inductive reactance used to re-tune the output 
circuit of the multiplier 
Inductive reactance used to re-tune the input 
circuit of the multiplier 
0 
Input impedance of the loaded cavity including the 
tuning capacitor c8 
Normalised valUe 
Input impedance 
Input impedance of the loaded cavit~ not including 
tuning capacitor c5 
Load impedance 
Normalised load impedance; ratio of ZL to z0 
84o z 
o/p 
85o z 
o/p 
86 0 2sc 
88o 
89_(i} 0 y 
89(ii)_o y 
90 0 e:eff 
9L e:o 
92 0 e: 
r 
93o 
94. AG' 
95. A 
0 
96(i). e 
96 (ii) 0 e 
97 0 e 
0 
v 
A 
m 
(A7) 
Characteristic impedance of microstrip ass~rtg 
relative permittivity of dielectric is 1 
Output impedance of Thevenin equivalent circuit 
Input imped.ance of transmission line terminated in 
a snort circuit 
Terminating impedance 
Phase change constant per unit length of transmission 
line 
Propagation constant per unit leng~h of transmission 
line 
Constant in varactor diode characteristic 
Effective relative permittivity in microstrip line 
Permittivity of free space 
Relative permittivity of the dielectric of a 
transmission line 
Wavelength. 
Wavelength. in microstrip line 
Free-space wavelength 
Electrical length of cavity in radians 
Used as wt: 
Value of 6 for the cavity at the frequency f 
0 
98(i) 0 
98(ii) 0 <P 
98(iii) 0 <P 
99o llo 
lOOo ll-1} 
101. w 
(AS) 
Elec:rical l~ngbh ~n Tadians eq~ival~nb to tee 
dis'i:a1nce D:? 
Work function 9 used in varactor diode characteristic 
Phase angle 
Permeability of free space 
Relative permeability of the dielectric of a 
transmission line 
Angular frequency 
4(i) 
4(ii) 
4(iii) 
4 (iv) 
4(v) 
4(vi) 
(A9l 
APPEND:CES TO CHAPTER 4 
To show that the c.oefficients of the Chebyshev Expansion 
representing a non-linear characteristic are the magnitudes 
of the harmonics obtained by driving the non~linear 
characteristic with a cosin~soidal drive. 
Derivation of eq~ation (4.24) from equation (4.2J). 
Derivation of equation (4.66) from equation (4.65). 
Extra te~ ~me to inclusion of terms v40T4(q) in the diode 
characteri.stl.c. 
Four-term Approximation to the Diode Characteristic. 
The derivation of a formula for the output resistance of 
the diode at the haX'Dilonic Ol!tput frequency. 
Page 
AlO 
Al4 
Al5 
Al6 
Al8 
A21 
(AlO) 
To show that the coefficients of the Chebyshev Expansion 
reprcscnt::t.ng a non--:., linear characteristic a:r~ the m.agni tudes of the 
harmonics obtained by driving the non-linear characteristic ~nth a 
cosinusoidal &rive. 
Equation (4.9} expresses the characteristic of the diode~ 
v- f(Ql 
in the form of the sum of Chebyshev Polynomials T (q) "~:mere q is 
n 
the normalised cnarge deviation from the bias value. In the proof 
given below~ the variable q is replaced by x and the variable V 
is replaced by y. 
Equation (4.16) expresses the dharacterisiic of the diode, 
Q = f(v} 
in the form of the sum of Chebyshev Polynomials Tn (v} where v is 
the normalised voltage deviation from the bias value. In the proof 
given below~ the variable v is replaced by x and the variable Q is 
replaced by y. 
Proof: 
Let the non-linear characteristic be given by the power expansion 
given in equation (1) and the sum of the Chebyshev Polynomials in 
equation (2) • 
(1) 
(2) 
T (x) = cos(n cos-1 x) 
n 
(All) 
If we make x .vary vrith time~ i.e. apply a drive to the 
characteEistic (2) given by equation (4) below then result (5} 
would be obtained. 
X = COS Wt = COS 6 
Substitute (4) into (2} ~ 
? c3 cos (3 cos-1 cos 6} + oooo 
y = co ? ef cos 6 ~ cz cos 2!!! ? c~ cos 36 ? •• o o 
The equation (5) shows that the amplitudes of the harmonics 
generated when the non~linear characteristic given in (1) and (2} 
is driven by the cosinusoidal function given in (4) are the 
coefficients of the Chebyshev terms used in the characteristic in (2)o 
Thus it can be concluded that the. diode characteristic may be 
written as either equation (4o9) or equation (4.16) 
It is useful to see how the 'c' coefficients are related to the 
'a' coefficients used in (1). The Chebyshev Polynomials are given 
below in equations (6) to (11). 
T0(x) = 1 
(3) 
(4) 
(5) 
(6) 
(7) 
(.8} 
(A12) 
(9) 
(10) 
(11) 
Substituting these into (2)~ 
(12) 
Equating coefficients of powers of x in equations (1) and (12) 
we can obtain the follo~ng results:-
(U). 
. al ;;: c1 ~ Jc3 ? 5cs 0 • 0 0 (14) 
a2 = 2c2 - 8c4 + 0 0 0 0 (15) 
a3 = 4c3 ~ 20cs + 0 0 0 0 (16) 
a4 = 8c4 - o o o o (17) 
a 5 -= 16c5 - 0 0 0 0 (18) 
The advantage of the Chebyshev representation for the non-linear 
characteristic is that each term in the series improves the approximation 
of the law. 
It can similarly be shown that, 
co = ao ? ~a2 + ~a4 + (19) 
cl = al + ~a2 + ias + (20) 
c2 = !a2 + !.a4 + 0 0 0 0 (21} 
ia3 5 (22) C3 = ? /16 a5 ? 0 • 0 0 
(Al3) 
(23) 
1 
cs "' J 16 as -.} o o o o (24) 
0\14) 
Appendix 4(ii) 
Derivation of equation (4.24) from equation (4.23). 
V ; v 00 -:- v 10 { a cos e - b cos (2 e ? <P) } 
? v20 2{a cos e - b cos (29 + <1>)}
2 
= 1 
? av10 cos e ~ bv10 cos (29 ? <P) 
.... 
- 4V20ab cos 9 cos (29 -:- <!>) 
? av10 cos 9 - bv10 cos (29 + <!>) 
"' 
- 4V20ab U cos (39 ? <P) -:- ! cos (9 ? <P)} 
? av10 cos e - 2abv20 cos (6 ? <P) 
2"' 
+ a v20 cos 29 - v10b cos (29 + <P) 
.... 
- v202ab cos (36 + <P) 
+ v b 2 cos (46 + 2cp) 20 (4.24) 
{Al5) 
Derivation of eq'll!ation (4o66) from equation (4o65) o 
(4o65) 
:::::: The 10 te~ given x.n result (4.24) which are obtained from. 
the first 3 terms. of (4.65) 
? v30 4£a cos a -b. cos (2e ? g,)}
3 
- 3{a cos a 
- ti cos C2e + <PU 
= The 10 terms of result (4. 24) 
2 2 A 3 3 
+ 12V 30a cos 6 b cos (2a + cp) - 4V 30b cos (26 + <P) 
- 3v30a cos 6 ? 3bv30 cos (2a + cp) 
= The 10 terms of result (4 o 24) 
A 2 
- v3012a b (! + ! cos 26) cos (2a + cp) 
A 2 [ 
+ v3012ab cos a ! + ! cos (46 + 2cp)) 
cos (26 + cp) + l cos (66 + 3cp)) 
A 
- v303a cos 6 + v303b cos (2e + cp) 
(A16) 
_§ilp12ndix 4(iv) 
A 
Extra terms due to incl~ion of te~ v40T4(q) ~n the diode 
cli.aracteYistic. 
= v40[s {a cos 6- b cos (26 -1- <jl)}4 - 8{a cos 6- b cos 
(26 -1- <jl) }2 -1- 1] 
A 4 4 22 2 2 
= v40{3a ? 3b ? 12a b - 4a - 4b -1- 1} 
? v40cos (6 ? <jl){Sab - 12ab
3 
- 12a~} 
? v40cos (6 - ~){- 4a3b} 
? V40cos 26{4a
4 ? 12a2b2 - 4a2} 
? v40cos (26 -1- 2<jl) {6a2b2} 
+ v40cos (36+ ~} 3 {8ab - 12a b -
+ v40cos 46{a4} 
+ v40cos (46 + '29>} {4b4 -1- 12ib2 
+ v40cos (Se + ~l {- 4a~} 
-1- v40cos cse + Jq,) {- 4ab3} 
+ v40cos (6e + 2q,} {6a2b2 } 
+ v40cos (76 + 3q,) {- 4ab3} 
+ v40cos (86 + 4<jl) {b4} 
12ab3} 
- 4b 2} 
(Al7) 
o lO te~ of ~s~lt (4.24) 
~ 2 
- v30Ja b cos q, 
~ 3 ~ 2 
-:- v303a co$ e -:- v306ab cos 8 - v303a cos 8 
~ 2 ~ 3 
- V 30 6a b cos (28 -:- ~} - V 30Jb cos (28 -:- <jl) 
~ 
-:- v30 3~ cos (28 v ~) 
3 ~ 2 
-:- v30a cos 38 -:- v303ab cos (28 -:- 2~) 
... 2 
~ v303a b cos (48 + cp) 
... 2 
-:- v 303ab colll (58 -1- 2cp) 
... 3 
- v30b cos (68 ~ 3<1>} 
2" 2" A 2 
= v00 - v20 ~ a v20 + b v20 - v303a b cos cp 
... 3 
+ V 10a cos 8 - V 202ab cos (8 -:- <jl )? V 303a cos 8 
... ... 2 ~ 2 
- v10b cos (28 {> cp) + v20a cos 28 - v306a b cos (28 + cp) 
... 3 
- v 303b cos (28 + cp) + v 303b cos (28 ? cp) 
~ 2 
+ V 303ab cos (58 + 2<1>) 
~ 3 
- v 30b cos (68 ? 3cp) (4. 66) 
\.. 
(Al8) 
Ap_Eendix 4(v) 
The Analysis of the Shunt Diode M'l.dtiplier using the Four-Term 
Approximation to the Diode Cnaracteristic. 
This analysis i~ similar to that ca~ried out in sections 4,3.1 
~d 4.3.2 b~t in this c~e the fourth harmonic of the test spectrum 
mll be taken into acco'ill11t. 
The test spectrum rill be ass~d to be that given by eq~ation 
(1) and the diode characfeeristic will be expressed as equation (2) 
(1) 
A A A 
V: VOO -v VlOTl(q)? V20T2(q)? V30T3(q} -v V40T4(q) (2} 
The normalised Charge variation in the test is cosinusoidal as 
in equation (3) 
q = 
Q10 cos wt 
= cos wt = cos e (3) 
The shunt-diode doubler circuit is as shown in Figure 4.6 and 
the charge on the diode then has a second harmonic component. The 
fmdam2ntal charge variation is azs1l!IllSd to be reduced to a fraction 
~a~ of its test value and the second harmonic charge variation is 
~b~ times the test value where 'b' is also a fraction. The conditions 
given in (4.22) m~t hold for the values of 'a' and 'b' for this 
analysis to remain appropriate. 
(Al9) 
ThM the no:IT!lall.i£Jeo1 diode cha:rge q is given by (4} and the 
currren t by (5) after differentiating the expression for charge . 
q = a cos wt - b cos (2wt ? ~) (4) 
(5) 
The expression for q in (4} is then substituted into the 
characteristic equation (2). with 6 in place of wt 
Vc VOO {> VlOTl {a cos a - b cos (29 ? ~)} 
,... 
? v20T2 {a cos e - b cos (29 ? cp)} 
... 
? v30T3 {a cos 9 ~h cos (29 ? ljl)} 
,... 
{> v40T4 {a cos 9 - b cos (29 ? $)} (6) 
'ThYenty=six extra terms are generated in the voltage due to the 
,... 
inclusion of the term v40r 4 (q). in equation (4.72). All the extra 
terms are given in appendix 4(iv) and those at frequencies w and 2w 
only are shown in equation 0) below. 
V(extra terms) = 
.. 
- v4012ab3 cos (9 ? <Pl - v404a~ cos (9 - ljl} 
,. 4 ... 2 2 
+ v404a cos 29 ? v4012a b cos 29 
+ v406a2b 2 cos (29 + 2$) - v404a2 cos 29 (7)~ 
The equations (5) and (.6) will now require to be modified to 
include all the terms in (4.67) and (4.68) plus terms due to equation 
(7); the revised equations are shown below in (8) and (9). 
V1 = V10 (~ ja)? v20 (j2ab <P} + v30 (-j3a3 j6ab 2 {> j3a) 
? v40{-j8abl1,? jl2a3b.£t.? jl2ab3 /.1. + j4a3b li1 
EA2D) 
and in~erting cp ""' ~ rr)2 
or 
and 
or 
V.. v" ( • " v" (2 ~' _._ v" "- • 3 3 · · 6 't.. 2 _._ J. 3a) 1 = 10- ]a/. ? 20 au~. y 30~- J a ~J au y 
{> v40 {~8ab {> 12a3b ? 12ab3 - 4a3b} 
v1 ~ v10 C= ja) v v20(2ab) -:- v30(- j3a3 j6ab2 -:- j3a) 
-:- v40 (sa\ -:- 12ab
3 
- 8ah) 
... .. • 2 .. 2 3 
v2 a v10(b) v v20 c= Ja ) ? v30(6a b -:- 3b - 3b) 
v v40 {- j4a4 = jl2a2b2 ? j4a2 ? j6a2b2} 
... ... .. 2 .. 2 3 
v2 "" v10 (b) v v20 C.= ja l -:- v30(6a b -:- 3b - 3b) 
V" ( "4 4 '6 2b2 _._ •L 2\ ? 40 - J a = J a . ..,. J~a J 
The output equivalent circ1rlt can be found for this case by 
considering equation (9) above and Figure 4.14 is shown to be 
modified to Figure 4.16 Which is given in section 4.3.3. 
(8) 
(9) 
(A21) 
Appendix 4(vi) 
The de ri vat ion of a f'o~:mula for the output resistance of the diode 
at the harmonic output frequency. 
An output eqt~~.ivalent circ~it (see Figure 4.10) is shoBU below. 
Figure 1 
o 2 A 
The reduction in the second harmonic e.m.f. from -j v20 to -Ja v20 
could be due to the internal resistance of the source~ R • Thus Figure 1 
0 
could be re-drawn to include a source resistance, 
R = [1- i] 
0 2b 
-j 2bil 0 
Figure 2 
(11 
(A22) 
The output equivalent ciKc~it of FiguEe 2 1s at the frequency 2w. 
The maximum output power is obtained when the load resistance ~ 
is matched toR and then the valtx2s of 9 a 9 and 9 b~ w.i.ll be 2 /3 and 
0 
113 respectively. 
2; 1}3 Iat R oR (opt} when a= 3D b"' 
0 0 
R (opt) 
0 
The max output pO'W'er may then be calctllla.ted as 
A 2 
v2o 
( J2 ) 3 ,. 
p L (Jna.x) = 4 R (optf .,. 20 V 20 IlO 
0 
and this agrees with the previoWJ calculation shown in equation (4 .56) • 
Circuit operation at maximum output power: 
The load resistance ~ should be matched to R
0 
(opt) by impedance 
transformation. The source should then be chosen to have values of 
E and R (which give the required values of 'av and vbv) which satisfy 
s s 
the condition 
0 
The source impedance could be reduced by transformation to as low a 
value as possible so that less power would be lost in R • 
s 
(2) 
(3) 
(4) 
(5) 
(A23) 
APPEND'ICES TO CHAPTER 5 
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(A24) 
Apyendix 5 (i} 
The f111ll expansion of equation (5o 14) 
The eqmation (5ol4) can Ee expanded using equations (6) to (9) 
• d~ 4f""'i JLn Appen ~2t • ._.l.,~ o The foll~~ng resmlt may then be obtained: 
3 2 
? v10 a cos e - v30 3a cos 9 + v30 3a cos 9 + v30 6ab cos 9 
~ v10 b cos (39 + !Ill ? v30 3b cos (39 + $) + v30 a3 cos 39 
A 3 
- v30 3b cos (39 + q,) 
- v30 6a~· cos (39 + cp) 
.... 
- v20 2ab cos (49 + ~) 
.... 2 2 
- v30 3a b cos (59 + ~) + v30 3ab cos (59 + 2~) 
A 2 
+ v20 b cos (69 + 2.9l1 
... 2 
+ v30 Jab cos (79 ? 2!/l) 
- v o3 cos (99 + 3~1 30 
where the substitution 
e = wt 
has been used as an aboreviation. 
(1) 
(la) 
WS) 
Developm2nt of the equivalent circuit of Figure 5.1 ~n ~ection 5.2.2. 
An equivalent output circuit may be drawn using eq~ations (5.17) 
and (5.19) as sholqn ir. Figure 1 belo~. 
3w 
Figure 1 
Two of the voltage generators in Figure 1 are lagging the current by 
90° and may be considered as the output capacitance C of the diode. 
0 
The reactance of C can be written as 
0 
or 
QlO 
c = ~----~----~----~-----0 " 2 2 v10 ~ v30 (6a + 3b - 3) 
The output capacitance causes de-tuning of the output circuit filter 
but this must be assumed to be corrected so that only 3rd harmonic 
current flows in the load. The load current must be in phase with 
the generator e.m.f. and thus the value of ~ must be -90°. 
=-
(1) 
(A26) 
(2) 
't7 
"30 
becomes equation (5.22) in ~ectian 5.2.2. 
An equivalent ci~c~it at the inp~t freqU2ncy may be obtained 
lll$ing equations (5.16) and (5.18) and it is sho'ffll in Figure 2 below 
~IF==I=l~==aw=Q=l=O==~ 
-jav10 - jav30 
(3a2 + 6b2 ~ 3) 
Figure 2 
One voltage generator may be replaced by the input capacitance CIN 
as shown in Figure 5.2. A compensating inductance must also be shown 
to prevent de=- tuning of the input filter. The value of CIN is derived 
from, 
1 
wCIN = 
from which 
a v10 + a v30 (3a
2 
+ 6b2 - 3) 
aw QlO 
QlO 
CIN = ~-~=-----:;---""""'"'!:---
"' 2 2 v10 + v30 (3a + 6b - 3) 
(3} 
(A27) 
The o~her voltage generator in the circuit of Figure 2 repYesents 
the load resistance reflected into the input circuit~ 0 11.• 
Hence 
;:: (4) 
If (2) and (4) aEe combined then resU!lt (5) is easily obtained~ 
(5) 
{A28) 
Apyel:'.ldix 5 (iii} 
The full expansion of equation (5.37). 
~fuen equation (5.37) is expanded it will contain the 22 terms 
of equatioc (1) in Appendix 5(i) 9 p:us extra terms due to the fourth 
harmonic term.g 
Hence 
V <:I 22 terms ? extra tems (1)_ 
A 
mere extra terms_,., v40 T4 {a cos a - b cos (38 ? <PH 
:::: v40 [ 8 {a cos a ~ b cos (Ja {- q,)} 4 - 8 {a cos 6 - b cos 
(38 ? 4>)} 2 ? 1] 
cos (3a ? $1 
+ 16 ab cos e cos(36 + 4>) - 8b2 cos2 (3e + 4>) -~o 1] 
(2) 
The terms in equation (2) can now be expanded using the useful identities 
given in equations (3) to (11): 
2 
cos A= ! + ~ cos 2A (3) 
3 3 cos A+ 1 3A (4) cos A= li 
"' 
cos 
4 ~ ? ! cos 2A + ! cos 4A (5) cos A= 8 
(A29) 
cos A ccs B .::: ! cos (A v ~). -:- ~ cos (A ~ B) (6) 
2 
cos A cos B c ! cos E v f cos (2A -:- B~ v t cos (2A ~ B) (7) 
' 
cos
3A cos B = i cos (A v B) v i cos (B - A) v ! cos (3A - B) + i cos (3A v B) 
(8) 
cos
2A cos2B ~ i -:- t cos 2A -:- t cos 2B ? A cos (2A ? 2B) -:- A cos (2A ~ 2B) 
(9) 
(10} 
(11) 
Extra terms = v40 [8a
4 (~ + ~ cos 26 -:- ~ cos 46) 
- 32a3ro ( ~ cos (46 -:- 4J) v ~ cos (26 + $) 
+ A cos (- ~> -:- 1 cos (69 + 4l> 
cos (66 + 2<P) ? i cos (89 + 24J) + A cos (49 + 
3 
- 32ab { ~ cos (49 + 4J) + ~ cos (26 + 4J} + ~ cos (89 + 34J) + ~ cos (109 + 34J) 
-:- 8b4 {i + ! cos (69 + Z<P) v A cos (129 v 44J]l 
- Sa2 {! + ! cos 29} 
- 16iab 0 cos (49 ? ~) + ~· cos (29 + ~l} 
8b2 0 + i cos (69 + 2rp)} + 1 l 
J 
(A3D) 
v r 1 ? 5a4 3 l2a.2b2 ? ST:ll4 - 4a2 4':l2 
G 40 l 4a b CO$ </> ? 
-:- ·4a4 28 3 cos (28 ? </>) ? 12a2b 2 cos 28 cos - 12a b 
- l2ab 3 cos (28 -:- ¢) 2 = 4a. cos 28 -:- 8ab cos (28 ? </>) 
- 12ab3 cos (48 ? </>) -:- 8ab. cos (48 -:- </>) 
cos (68 ? 29>) 
- 4ab 3 cos (108 + 39> l 
(12) 
The extra terms given in equation (12) do not include any of frequency 
w or 3w. The terms in (5.37) at these frequencies are as given in 
equation (5.15) of section 5.2.2. 
(A31) 
Appendix 5 (i v) 
Identities needed in 5.3.2. 
(A= B = C) 3 c AJ - B3 = c3 - 3A2B - 3A2C v 3AB2 
? 3AC2 ? 6ABC = 3B2C - 3EC2 
Cos Acos Bcos C = f co~ (A ~ B v C) + f cos (A - B - C) 
? £ cos (A v B = C} ? f cos (A - B v C) 
(A = E = C}4 = A4 ? B4 ? c4 ? 6A2B2 ,:. 6A2c2 v 6B2c2 
- 4A3B - 4AB3 = 4AC3 - 4A3c v 4B3C 
..:- 4BC3 ? 12A~BC - 12AB2c - 12ABC2 
(1) 
(2) 
(3) 
(A32) 
Appendix 5(v) 
Analysis of section 5.3.1. 
V ::: V v V [A = B = cl 00 10 :J 
(.3) 
" 
= v00 - v20 ? v10 a cos 9 - v10 b cos (29 v ~2 > = v10 c cos (39 + ~3} 
... (2 2 2 2 2 2 v v20 2a cos 9 v 2b cos (29 v cp 2} <? 2c cos (39 + cp 3) 
+ 4 be cos (29 + <P 2) cos (39 + <J> 3) 
- 4 ab cos (26 + <jl2) cos 6 
- 4 ac cos (36 + <P3) cos 6] (4) . 
... 
= v00 - v20 + v10 a cos 9 - v10 b cos (26 + <Pz> 
" 
- v1o c cos (39 + ifl3) 
... 2 (! + 1 29} + v20 2a 2 cos 
... 2 [! + ! (4 + 24>2>] + v20 2b~ 2 cos 
... 
2c2 [! + (66 + 2cp3)] o~- vzo ! cos 2 
+ v2o 4bc (! cos (59 + <Pz + c~> 3> + l cos (e + <P3 - cp2)] 
- v2o 4ab [! cos (39+ <P2l + 1 cos (9 + <1>2)] 2 
... 
4ac (! cos (46 o~- (26 + cp3)) 
- v2o <J>3) v ! cos (5) 
- (A33) 
v v10 a cos e v v20 2bc cos (e ? ~3 - ~ 2 ) 
A 
~ v10 c cos (3e ? ~ 3) ~ v20 2ab cos (Je v ~ 2 > 
(6) 
,.. ,.,. "' ~ 
vi :. - ja v10 - j 2bc v20 tJ.3 .:::...!.2 -:- j 2ab v20 I.J.z (7} 
(8). 
A 
v 3 : v j c v 10 1.!3 ? j 2 ab v 20 11z (9) 
~A34) 
!'P_psndix S{vi) 
Analysis of section 5.3.2 
The extra terms generated in the spectrum are~ 
VEX = v 30 [{ 4 A - B - C} 3 - 3 {A - B - C} J 
'a'here 
. A = a cos 6 
n = b cos (26 ~ q, 2> 
c = c cos (36 ? <P 31 
VEX= V30 (4A3- 4B3- 4C3- 12A2B = 12A2C-:- 12 AB2 
-:- 12AC2 ? 24ABC - 12B2C - 12BC2 
- 3A v 3B ~ 3C J 
... [ 3 3 
= v30 4a cos 6 
- 4b3 cos3 (26 ? <P 2) 
- 4c3 COSJ (36 ? cp 3) 
= 12a~ cos26 cos (26 ? <Pz~ 
cos 
2 2 -
-:- 12ab cos (26 ? ~ 2 ) cos 6 
? 12ac 2 2 cos (36 -{> cp~) cos 6 
_, 
12b2c 2 (26 + cp2) (36 + <P 3) cos cos 
2 2 (36 + cp3) (26 + <Pz> - 12oc cos cos 
+ 24abc cos (36 + ~3 ) cos (26 + cp 2) cos 6 
-Ja cos 6? 3b cos (26 + cp 2) + 3c cos (36 + <t> 3>J 
(.1) 
(2) 
(31 
(4) 
{A35) 
A A r 3 ~EX= v30 ~4a {t cose ~ L cos 36} 
v 24abc {i cos (66. ~ cp 3 -:- <P 21 -:- L cos Qil3 ~ 4!21 
+ ! cos (.46 -:- cp3 -:- <P 2l + f cos (2e -:- <P 3 - <P 2>} 
- 3a cos6 v 3b cos (2e :o~- cp 2) + 3c cos (36 + cp 3)] 
0-
3 2 3a cos 6 ? Ja cos 6 - 3a c cos (6 ? <P3) 
? 6ab2 6 + 6ac 2 e 3o2c (e + 2<Pz <P3) cos cos - cos -
3b (?A 
"' ' 
3b3 (28 \ 2 (28 
"' 
\ + cos + - cos + 
"' 
- 6a b cos + ,-y T2' T2' T2' 
- 6oc2 cos (2e -:- rp 2) -:- 6abc cos (26 + cp 3 - <P 2> 
2 2 2 ~ 6a c cos (36 + cp3}. + 3ab cos (36 + 2cp2) ·- 6b c cos (36 + <P3l 
2 (46 -:- ¢2} ~ 35c2 (46 -:- 2~ 3 - ~2 ) v 6abc cos {46 -:- ~ 3~~2 ) ~ 3ab cos COS> 
2 (56 {> 4>3) -1- 3ab2 (56 "'" 2<J> 2) -:- 3ac 
2 
CO$ (56 ? 2<j> 3) ~ 3a c cos cos 
3 
= b cos (66 -:. 3<P 2) -:- 6 abc cos (66 -:- <J> 3 -:. <Pz) 
The extra terms generated at wp 2w and 3w are sho-w. in equations (51 (6) 
and (7) lri.th ~ sin e taken as· reference pli.asor 0 
vl (ex} -= v30 ( v j3a- j3a3 {> j3a2c L!3 
~ j6ao2 - j6ac2 {> j3o2c /].j2...:::_i3 ] 
w2 cex> : v30 (-j3b L!£.2 + j3b
3 !J..2 + j6a2o ~ 
-:. j6bc2 fl.2 - j6abc !J..3_:__j_2 ) 
v3 eex> = v30 (-ja3 - j3c J.!3 -:. j3c3 JJ..3 
+ j6a2c fb - j3ab2 /2~2 + j6b2 c J.j_3 J 
\.. 
(5) 
(6) 
(7) 
(A37) 
Analysis of section 5.3.3. 
Extra terms due to tha 4t~ harmonic: 
A A 4 2 
V :::: V [· 8 { A - E - C} = 8{ A = B. = C} ? 1 1 EX 40 ~ (1) 
= 2AC ~ 2BC} v 1] (2} 
" [ 4 4 
= v40 8a cos a 
,.:. 48aZo2 cos2 e cos2 (2e ? ~l 
3 3 
- 32a b cos a cos (2a + g, 2) 
- 32ac 3 cos 6 3 (39 ? ~ 3). cos 
" 
? 32b3c cos3 (2a ? g, 2}. cos (36 ,.:. <P 3) 
? 32bc3 cos (26 ,.:. ~ 2). 3 (3e {> <P 3) cos 
3 3 
- 32a c cos a cos (36 ? !1> 3) . 
(A38} 
2 2 8 (28 
-:- ~2) (38 ..;. 1/>J) ? 96ia be cos COS CO:$ 
2 
cos 8 2 (28 ? !/> 2) cos (38 y 1/>J) ~ 96ab c cos 
2 
cos 8 cos (28 -:- ~ 2 ) 2 (38 ? $3) ~ 96abc cos 
-:- 16ab cos 8 cos (29 -:- ~2 ) 
- 16bc cos (28 -:- <P 2) cos (39 -:- ~ 31 
(3l 
A [ 4 
a v40 1-:- Sa· Ii ? ! cos 29 ? ~ cos 48} 
cos (49 -:- zg,21 + 
-:- 48a2b2 { t ~ £. cos 28 -1- t cos (48 + 2<P2) ? 1 cos (68 + 2<P~l ? ~ 
cos (28 .,:. zcp2) J 
-1- 48ic2 { l -:- l cos 29 -:- f cos (69 -:- 2<P3) ? ~ cos o(88 -1- 2<P3) ? A 
cos (46 + 2<P31} 
+ 48b2c 2 {{ + ! cos (48 + 2~21 -1- t cos (69 + 2<P 3) ? ~ cos (109 + 2<P3 + 2<P 2 
+ ! cos (28 + 2cp3 - i<P2 ) 
3 
- 32a b { ~ cos (38 + cp2) + ~ cos (8 + cp 2 ) -~- ~ cos (8 - <P2) + ~ cos 
(58 + <1> 2>} 
3 
- 32ab { ~ cos (38 -1- ~ 2 ) + ~ cos (9 -:- <P2) -1- A cos (58 -:- l<P2 l + A cos 
(78 + 3<P2>} 
3 (48 + <1>3) + ~ (28 -:- ~ (88 -:- 3~3) + - 32ac 0 cos cos 
-:- ~3) cos A cos 
(108 + 3<jl3)} 
3 
- 22ac· {~ cos (49 -:- <P 3 l ? i cos (29 ? <1>3) ? 1 cos (cp3) ? ~ cos 8 
3 
<- 32'b c {~cos (Se? q, 2 -:. <jl 3) -\·~cas (e? ~3 - ~2 ) v A cos; (36-:. 3~2 - 4> 3) 
? ! cos (96 ~ 3<j>2 -} <j>3)} 
~ j ~ 32bc~ {~ cos (5e-:. ~ 2 -:. ~3 1? 8 cos (e ? $3 = ~2 )-:. t cos (1e ? 34>3 - 4> 2 ) 
-:. ~ c~s (lle ? 3<j>3 ? ~2 )} 
-:. 96a2b~ { C! -:. 1 CC$ 261 [! co~ (56 + <P2 + q"J3) -} ! cos (e ? 413 = <Pz)]} 2 
2 { [! ? ! (48 -} 2~21] (! (48 -:. 4>3) -:. ! (28 ? <P3>]l - 96ah c 2 cos cos cos 
2 { [! ? ! (68 ? 2~ 21] [! cos (38 -:. 4> 2) -:. ! (e .:. 4>zl] l = 96mc 2 cos cos 
- Sa 2 {! .;:. i cos 26} 
-:. 16ab. 0 cos (38 -:. <Pz> -:. ~ cos (8 -:. <P2ll 
+ 16ac 0 cos (48 + 4> 3) + ! cos (28 ~ 4> 3)} 
(4) 
The terms at fundamental frequency are: 
\ 
2 2 ] 
-:. 12a be cos (e - 4> 3 -:. <Pz) - 24abc cos (e -:. 4> 2) (5} 
(-A40l 
(6} 
The terms at third harl!lonic freqv.ency are: 
2 2 
+ 12a be cos (36 + 9> 2 + 9>31 + 12a be cos (36 + 4> 3 - 4> 2) 
(7) 
The reference phasor will '&e taken as - sin ~ as previously, and if 
<1> 2 = 4>3 = - rr}2 the equations for Vp v2 and v3 can be written in complex 
notation as, 
" " v1 = ~ ja v10 - j2bc v20 + 2ab v20 
0 
(8) 
(9} 
F> A A 
v3 = c v10 ,.:. 2a.b v20 
(10) 
The- equations (8). » (9.) and (101 may be l!lSed to modify the equivalent 
ci:rcmits of Figures 5.6» S.J and 5.8. The expression for c03 giman in 
eq1.11ation (5 .56} would '!Oecom.e ~ 
(11} 
~~e f 1 (abel = 6a2 ? 6b2 ? 3c2 - 3 (12} 
4ab 2 2 2 f 2 (abel = c (la ? 3b ? 9.c - 2) (13) 
The equation (5.57) must be modified to 9 
1 A A (3 2 2 zw COZ b2w Q10 = b v10 ~ 2ac v20 + v30 3b + 6a b + 6bc - 3b) 
-. 
<-. 
A 3•, 3 2 
+ V 40 [ 12-a c + 12ac + 36ab c - Sac J 
(A42) 
and th~~ 
(14} 
(15) 
(16) 
The Slecond and thiJrd ha:rmonic powers given in equations (5.58) and (5 .59) 
mMt be modified in the folJl.owing ways: 
1 1 r " 1 
• J2 ·J2 lL ZTi x1oJ 
OX' 
P2 = V20 I 10 (a
2h) ~ VJO r10 (6ali2c) ? v 40 r10 (4a4b ? 6a2bl ? 12a2bc2 
? 6b3c2 - 4a2b) (17} 
or 
,3 3 9 2 32 P 3 = V 30 r 10 lz a. c ~ 2 a~ c} ? V 40 r10 (~ 6b c ) (18) 
The reflected resistance in the input circuit becomes, 
.... 2 2 ,. 1 3 2 
I 2ab v20 + v30 (3a c + 31) c) + v40 (Sao + 12ab ? 24abc - 8ab) 
R = -------------------------------------------------------
" 
a IlO 
or 
Rv = 2b V20 + V30 3c (a2 + b2} 
" " a 
v 
+ ~ 4b (2a2 + 3b2 + 6c2 - 2) (19) 
110 110 r1o 
(A43) 
The inp~t capacitanc~ CIN pxe~o~ly ~ressed in equation (5.61) is 
modified bel~ to include the fourth harmonic term 
~re £5 (abc) = (6&2 + 6c2 + 3a2 ~ 3) 
f 6 (abel = 
4!c (3b2 + 3c2 + 9a2 ~ 2} 
Tfue equivalent circuits for fundam2ntal~ second and third harmonic 
frequencies are sho't-:111 in section 5. 3. 3. 
(2o) 
. (21) 
(22} 
